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Differential equations of the fourth order and the convergence of the difference
methods "
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§ 1. Let us consider the equation

ou Pt ou 0*u u 0*u
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ot y ox 0x* ox* ox*

(1.1)
where u = u(t, x), x = (X, X3, ..., X,) and
o'u (aiu o'u 'u

1.2 = L) G=1,2,3,4).
(1-2) ox \oxi’ ox, ax;,) ¢ )

The derivatives at both sides of (1.1) can be replaced by difference expressions with
the space interval £ and time interval k as in the paper [1].

But it turns out that the members depending on 271, 172 and 4~2 does not play any
significant role and the method of the proof can be explained in a short form when the
equation

(1.3) _ du t *u
| a I\ a)

is regarded. Therefore let us collect first in § 2 the corresponding assumptions.

§ 2. We shall assume that the function f(z, x,;), ; = (31,32, ...,;p) is of the class C
in the set

Dy = {OQIST,OSXjéa, — 0 < U<+ 00, ~oo<$j<+oo (j=1,..,p)}.
We consider the boundary problem in the set
2:0<t<T,0<x;<a (j=1,2....,p):

out 0*u
2.1 % #(s ,
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[ u(0> .X) = QDO(JC),
u(t,x) = @ft,x), for x;=0,
u(t, x) = yt,x), for x;=a,
u
(2.2) ; = yt,x), for x; =0,
ou
—=04{t,x), for x; =a,
0x
 (J=12,..,p)

We assume that the solution u(z, x) of the problem (2.1), (2.2) exists and is of the
class C* in the set .

We assume also that

%
(2.3) 0<g4<a;£ <9, intheset 2, ((=1,..,p),
qi
0
(2.3a) Og{gy in the set 9,.
u

The corresponding difference equation of the explicite type will be written in the form

r
1 1 Z :] . . —
(24) %l:vw(M)_ _ i (UJ(M)—I—U_J(M)):I — f(t‘“, x™, UM, UM4) .
4
=1

Here we use the notations of the paper [2], cf. Fig. 1, and v™* denotes the vector of the
symmetric difference quotients of the fourth order as in the paper [1].
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Fig. 1. The nodal points with indices M, j(M), % (M), —j(M), —3%(M) and w(M)
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The symmetric difference quotients of the first, second and third order will be
denoted by

J
(24a) M3 (UM111 M222 Mppp)

JU ,lll,b ,

The boundary conditions are induced by (2.2) and have the form

= @o(x"), for M = (0, m),
vt = (1", x"), form; =0,

oM =y (t*, x™), for m; = N,

2.5 9 .
(2:5) M= yi(t5, x™), for m; =0,
(j=1,2,...p),
cf. Fig. 2.
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Fig. 2. It is the best way to identify the values #™ and v™ at the nodal points on 2 vertical lines x; = 0
J

and x; = h. Here the foreward difference quotients of the first order can be taken. There is a similar situation
on the lines xj=a and x;=a—h

The mesh size 4 for the space coordinates x; (j = 1,2,...,p) and k for the time
coordinate ¢ satisfy the condition

(2.6) 7~ ¢ B
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or
1 1 1
(2.6a) k<-—-— p*
4 2p {54

We define the etror 7™ by

P
(2.7) = 5 Ty o ph, m M My LM
and we have
(2.8) eth,k) >0, as h, k>0,
where
(2.9) e(h, k) = max|p™|.
M

(2.8) means that the difference equation is consistent with the differential equation,
We define also the error

(2.10) M= MM,

§ 3. THEOREM 1. Under the assumptions of § 2 the difference method is convergent.

Proof. Let us introduce

(3.1) s* = maxrt™ = phP = 4B
m
(3.2) sl = maxpEtbm = prtla o pold)
m
We can write
1 1
(3.3) ' = %(s““-—s") = (r* —rBy,

or

(3.4) 7= [“’(A) Z (P 4y J(A)):, [ Z‘ (A 4 pH0y J

We subtract now the equations (2.7) and (2.4), we apply the mean value tncorem
and we get

(3.5 &7 =94+ Q{(N)‘FA f( ) 1 2 [0 =B — 4 (D By
ou an

J=

+6(r 1 —r®) =4I By L (IO By 4 - [Z (r’(“"+r‘~'(“”) ]

cf. Fig. 3.
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Fig. 3. Symmetric difference quotients of the order 1—VIII and the signs of corresponding coefficients.
The coefficients in the symmetric difference quotients of the even order can be taken from Pascal’s triangle.
The coefficients for symmetric difference quotients of the odd order follow by subtraction, cf. [1]

Here we have introduced the maximal value r? at appropriate places.
But we have '

1
(3.6) rd=—- E r8,
p .

hence we can rewrite the last square bracket in (3.5):

r P ,
1 I . s 1 1 . |
an § A=t = ;Z p (=g R,
J=1 ji=1

We substitute now (3.7) in (3.5), collect terms and obtain

P
0 %) I 2
(3.8) =t Loy -“{-(N)'ﬁi'[(r T _ By 4 6(rt —r®) +
ou L aqj h
J=1
p
2 . of -4 11
(4) ) _ _
+( 7T =D+ E (" “"B)'I:"ar_(’“) W T2 ,‘C]+
qj
j=1
p
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There is no difficulty with terms containing 2~ % and the nodal points with indices
. . : . 4 "
—2j(4), A and ?j(A), since the derivatives df/dg; are positive. Hence we have
P

a 1
(39) 54(”)'h1
it

and we can drop these terms in (3.8).

The terms containing 4#~* and the nodal points with indices j(4) and —j(4) are more
significant because of negative coefficients (—4).
But we have

(0=t (-

of 4 1 1 4 I 1
3.10 e G R Y % S N |
(3.10) a;j( ) B 2p k BTt 2k

because of the assumptions (2.3) and (2.6). This yields

J(4) i o
(3.11) Z(r r)[4( ) 2p k]<0,

and

—Jj4) B f
(3.12) Z(r )[4( ) 2p k}<0,

and these terms can be dropped in (3.8) also.
From (3.8) wc get the difference inequality

(3.13) Tl s reh, k), s =0,
and the estimate

(3.14) s fo'ﬁfk—) (e~ =0,1,..,N;).

In a similar way we can introduce the minimum values

m
. [
i

and obtain the mequality

h
e(h, )(m

3.17 2 - D(u=0,1,2,..,Ny.
(3.17) z P ) 1)
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(3.14) and (3.17) imply that the error estimate

(h, k
(3.18) M) < {i-g?) (e 1),

holds for 4=10,1,2,.., N,

The convergence of the method follows from (3.18) and (2.8).

§ 4. The assumption (2.3a) can be dropped as in the paper [3], cf. [3] Lemma 3 and

Lemma 4.
_ . ou *u u _ , ,
The first, second and third derivatives —, —, -, can be included into the dif-
ox  0x* 0x°
ferential equation (1.1) but the proof will be longer to some extent.
The method of proof presented in this paper can be applied with reasonable changes
to the equation of the sixth order and for the equation of the order 2n (n = 1,2,3,...)

without mixed derivatives. The corresponding calculations will be published.
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