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Differential equations of the sixth order and the convergence of the
difference methods
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§ 1. We shall deal with the equation

(1) Ou o ou *u *u *u u %u
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at ox’ 0x? x> ox* ox° oxS
where u = u(z, x), x = (x¢, X5, ..., x,) and
(1.2) Ou (0w O'u ou\ . 1.2.3.4.5,6)
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The analysis of the proof of convergence of the difference method for the equation (1,1)
shows that it is harder to treat the problem of convergence in the case 2n = 6(n—odd)
than it is to discuss the same problem in the case 2n = 4 (n-even), cf. [1]. One explanation
for the difficulties encountered in the case 2n = 6 lies in the fact that the central term
m the expression for the symmetric difference quotient of order 6 possesses the negative
coefficient —(¢) = —20 and must be treated with great care. The same attention should
be called to the remaining two terms with negative coefficients —(°) in the difference
quotient of the sixth order. The members depending on 27, 272, ..., h~° does not play
any significant role. The main idea of the proof of convergence can be explained without
lengthy calculations involving terms with A%, A72, ..., A~>, therefore we shall restrict
ourselves to the equation

(13) u e 0°u
: — = y Xy Uy = .
ot dx°
The corresponding assumptions are given in the next paragraph.

§ 2. We shall assume that the function f(z, X, u,),q = (g1, qa» ---»q,) is of the class C!
in the set 2,: 0<1<T,0<x;<a, —0<u< +0, —© <.§j< + (j=1,2,..,p).
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We consider the following boundary problem in the set 2: 0<1<T, 0<x;<a
(] =1, 25 “'9p):

@.1) cu It o%u
. e ’ x, u, P K
dt ox°

r U(O, X) = (PO(x) >
u(t,x) = @it,x), for x;=40,

u(t,x) = y;(t,x), for x;=a,

o'u
(22) 1 'a“x—l = '})U(t, .X), fOI‘ XJ = 0 ’
rw i d;(t,x), for x;=a,

(i=1,2 (j=1,2,..,p).

We shall assume that the solution u(z, x) of the problem (2.1), (2.2) exists and is of
the class C° in the set D.
We shall assume also that

0
(2.3) 0<ge<—5 <% intheset 2, (j=1,..,p),
q;
and
of .
(2.3a) 0< b—ﬁo‘f in the set ¥,.
u

The difference equation of the explicite type associated with the differential equation
(2.1) will be written in the form

(2.4)

x| -

p
] I;vco(M)_h _1_ %(Uﬁ(M)_I_ UM+U_2j(M)):| — f(tu, xm’ UM, UM_6) )
P Z
J=1

Here we use the notation of the paper [2], cf. Fig. 1, and ™% denotes the vector of
the symmetric difference quotients of the sixth order as in the paper [3].

The symmetric difference quotients of the first, second, third and higher orders will
be denoted by

oMt = (M1, M2, L M),
(2.42) M2 = (ML pM22 | MeRy
3 M M
vM3 — (U 111, v 222’ s UMPPP) ,
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Fig. 1. The nodal points with indices M, j(M), —j(M), %i(M), —% (M), —3j(M) and o (M)
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The boundary conditions for the difference equation (2.4) are induced by the boundary

conditions (2.2) and have the form

[ oM = p,(x™), for M = (0, m),
M = @t x™), for m; =0,
M =y (e, x™), for m; = N,
(2.5) | vM’: = y,;(t*, x™), for m; =0,
UMJ = 51]‘(1‘”, xm), f()]‘ mJ = N,
UMJ:J: = y,;(#*, x™), for m; = 0,
oM = §,(¢*, x™), for m; =N,
l (j=1,2,...,p),

cf. Fig. 2.

The mesh size h for the space coordinates x; (j = 1,2,...,p) and k for the time

coordinate ¢ satisfy the conditions

0.6 116, o L1 0
3p kK h® 3p k h°
or
| 1 1 1
(2.6a) kS ———-h°.
20 3p 9,

We define the error s by

p
| 1 Z :l , . —
(27) 7€|:uw(M)_ - 3(u21(M)+uM+u._2J(M))j| =f(l"u, xms uM, uM6)+’1M’
P
j=1
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and we have
(2.8) eh,k)—0, as h, k-0,

where

(29) e(h, k) = mﬁxlan .

(2.9) means that the difference equation is consistent with the differential equation.
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Fig. 2. Tt is the best way to identify the values #™ and v™ at the nodal points on 3 vertical lines x i=0,

xj = h, xj = 2h. Here the foreward difference quotient of the first order and the symmetric difference

quotient of the second order could be taken. There is a similar sitvation on the lines xj = a, x; = a—h,
xj= a-2h

We define also the error
(2.10) M o= MM,
§ 3. THEOREM L. Under the assumptions of § 2 the difference method is convergent.

Proof. We introduce the maximal values

(3.1 s* = maxr®™ = prt = 8

m

(3.2) sPHl = maxprtlm = pptle o old)

m

We can write

S,u+ 1 ___S;t ’,w(A) _ rB
(3.3 n = =
) ’ 2 k

bJ
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Oor
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J
IFIN 'L 5 .
" E[; z ig(” J(A)+r“+r"’J““)—rB].
=1

We substract now the equations (2.7) and (2.4), we apply the mean value theorem
and we get

. p
1 1 | . 0
(3.5) - potd) —(er(A)—!—rA—I—r—z"(A)) — nA+ —J:(N)'I‘A—i—
k P 3 ou
j=1
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1
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Fig. 3. The coefficients in the symmetric difference quotients of the even order can be taken from Pascal’s

triangle. The coefficients for symmetric difference quotients of the odd order follow by subtraction, cf. {3]

Introducing the maximal value r® at appropriate places on the right-hand side of the
formula (3.5) we obtain

r
1 1 L, .y 3
(3.6) |-y (I s g T =n“‘+~£(~)'r“+
k pL i3 du
J=1

) 4
0 5 y s :
4 Z__éf_(m)[(r J(A)—"FB)—*6(I‘ J(A)-er)—I—IS(I‘J(A)—-FB)—
7= 0g,

~20(r4 —rB)+ 150D — p By — 6™ D —p Byt (bW 1 B)].
6%
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We have calculated the first square bracket on the right hand side of the formula (3.4).
The second square bracket in (3.4) can be written as follows. First let us note that
we have

(3.1 =) 1

hence

P
121 y
(3.8) }; 3(,. Ay p Ay AN LB
i=1

r
lz :l g 1 I _,.
=}; g(rJ(A)“rB)+§(rA*FB)+§(” J(A)“rB)_
=1

We can insert now (3.8) and (3.6) into the formula (3.4). This yields

P
Q 0
(3.9) s = ;1A_|_ af("“)'rA'l* _é.f

I .
5 (~) 5l DBy 157 —rB)+
qj

i=1

P
+lS(r*j(A)—rB)-I-(i‘_?’j(A)—!‘B)]-i- E (FZj(A)—rB)X
i=1
P

j=1
P
" of 20 11 :
x| — — — e —4j(A) rBy x
; w3 k]“LE,(r )
i -
"o -6 1 1
JTeoee

There is no difficulty in the formula (3.9) with terms containing 4~ ° and the nodal
points with indices *j(A), j(4), —j(A4) and —*j(A) since the derivatives 6]“/63‘,- are positive.
Hence we have

l , ; Y
10 z“"( ~) e T =R 15D M) 15T =B+ (7P -] <0,

and we can drop these terms in (3.9).
The terms containing 4~ ° and the nodal points with indices %j(4), 4, — 2j(4) should
be treated with greater care.



We have
of -6 1 1 —6 I 1
3.11 () — Gt 20,
G &g, Y T kT Tk

( 011 =2 [ 1
(3.12) —f-( V) e =3 G d — 20,

ag W 3p kT AK® 3p k

J

because of the assumptions (2.3) and (2.6). This yields

1) pB f - M] |
(3.13) Z(r )[q,( ~) 3 i <0,

0 —20 1 1
(3.19) E (rA—rB)-[—Z—F ~)- 6,+------ﬁ}so,
‘ 0g; h 3p k
=1
P
2; 6 1 1
(3.15) E (r~ O By, [f( R -v~=]~<\o,
(— 0g ; 3p k

and these terms can be dropped in (3.9) also.
From (3.9) we obiain the difference inequality

(3.16) ST L Fest4e(h, k), 2 =0,

and the error estimate

s e(h, k)

(3.17) -1 (u=0,1,..,N).

In a similar way we can introduce the minimum values

(3.18) D = minptt M = pATLE = Q@)
m

(3.19) Z* = minr~" = pP? = p?,

and obtain the inequality

k
3.20 by 2
(3.20) z 7 (e
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It follows from the formula (3.17) and (3.20) that the error estimate has the form

e(h, K) iy

(321) l!‘ I = H*“:q};"' ( —1) (]J = 0,1, .., Nl)-

The convergence of the method is the consequence of the formula (2.8) and (3.21).
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§ 4. The assumption (2.3a) can be dropped as in the paper [4], cf. [4] Lemma 3 and
Lemma 4.

i

‘ u
The derivatives £ (i=1,2,3,4,5) can be included into the differential equation
X

(1.1) but the proof will be longer.

The method of proof presented in this paper can be applied to the equation of the
order 2n (n =1,2,3,...) without mixed derivatives. The corresponding calculations
will be published.
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