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A difference method for the Neumann problem

ZBIGNIEW KOWAISKI

§ 1. The purpose of the paper is to investigate the convergence of the difference method
for the non-linear problem (3.3), (3.6). The results are based on the method of difference
inequalities of the second order, cf. Theorem 1, and are formulated in Theorem 2.

It should be noted that the error estimate (7.2) has the same simple form as in the
paper of M. Malec [5], but my paper differs from the paper [5] in so that:

a) the differential equations as considered by M. Malec are special cases of the
equation (3.3), since in [5] there is the assumption on the dominating diagonal of the
matrix (f,,.),

b) the method of proof applied by M. Malec is connected with the regrouping of
certain elements of difference quotients so as to obtain the expression with constant sign,
which can then be omitted. My method is based on the difference inequalities of the
second order.

§ 2. We shall use the notations for the nodal peints as in our previous papers [1]—[4].
Let us consider the set

(2.1) Q:0<x;50(j=1,....n), 0<o = const,
and the nodal points x™ with coordinates

2.2) M= G, XY, X,

where M denotes the sequence of indices

(2.3) M= (my, m,,..,m,), 0<m;<N (j=1,..,n)

and x)' = hm; (j=1,2,..,n).
The notations for the neighbouring nodal points are the same as in the papers
[1]—[4]:

(2.4) x D KD (5 5= 1, ..., n)

cf. Fig. 1.
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Fig. 1. The nodal points x™, x*M) M) For the sake of simplicity the nodal point x™ has been located
at the origin

The difference quotients of the first order will be denoted by

2.5) WM :l D 1y
1 .

(2.6) uM = i (M —y= 7Dy

. 1 . .
(2.6 bis) T 5 () — Iy
and that of the second order by
(2.7) WM = h—z-(uj(M)——ZuM-i—u"j(M)),
(2.8) MU = ih—z,(uij(M)_u— i.i(M)_ui*j(.’\d)+u—i-j(!\1))ﬂ

fori#j(,j=1,..,n~).
We shall use also the difference quotients of the second order:
[ Mij — h_z'(uij(M)-—uj(M)—ui(M)-FuM)

Uy 4

WM = R (0 gm0 M =100y
(2.9) ) M _ h_z_(uM_u—i(M)_u-j(M)_]_u—i—j(M)),

“lnfi_j — h“z'(ui(M)—uM_ui*j(M)+u—j(M)),
as well as the short notation ¥™* for the vector
(2.10) WMA = (MU M2 My

and the nxn matrix
2.11) yMB = MYy

It will be convenient to replace the coordinates (2.6 bis) of the vector u™“ by the dif-
ference quotients (2.5) or (2.6).
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§ 3. Throughout the paper we shall use the following

AssUMPTIONS A. 1) We suppose that f(x,u,q,w), x = (x,...,x,)€R", ueR,
q = (41, ..., g) €R", w = (w;;), is of the class C! in the set (3.1):

<X, €0, —0<u<4m, —0<g,<+m,

—w0<w;<+o0, (i,j=1,..,n) 0<o = const,

3.1)

and satisfies the conditions

(3.2) Sig = Jwy s

where f,,. = dffow;; (i,j=1,...,n).
2) Let us denote by u, the vector u, = (u,,, ..., u, ) and by u,, the # xn matrix u,,
= (Uy,x,).- We assume that the non-linear differential equation

(3.3 SO, u, ug, u) = 0,

is of the elliptic type which means that 1° the quadratic form
(3.4) > Sy it A
i,j=1

1s positive defined and 2° the derivatives f,,,,, Ja;» Ju are bounded:

(3.5) S v 1L < B, fu<n <O,

in the set (3.1) for i,j=1,...,n, 7, and n being constant.
3) We suppose that there exists the solution u(x) of the equation (3.3) of the class C?
in the set Q, such that

ou

0
(3.6) ft%mm=m A @ =) =1, m),
X 0X:

J J

@;{(x) and y,(x) being continuous on the boundary ¢Q, u(0) = 0.
In addition we shall suppose that the derivatives u,,, satisfy the Lipschitz condition
in the set O:

(iﬂ} = 17"'?”)? X € Q’ x’e Q‘)

the points x and x” being on the xg-axis (s = 1, ..., n)

(37) {quixj(x)_uxixj(x’)I ""<'- %glxjux;l

2

X=(Xg,..X,), X = (X1, ., x), x;, #x. (p#s,p=1,...,n).

4) We suppose that there exists the solution v™ of the difference equation (3.8) as-
sociated with (3.3): |

(3.8) . JEM, oM ME MEy = 0,
and satisfies the conditions

(3.9) A = oM = 0), oM = MM =6 )00 = 0.
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The coordinates of the vector v™° are defined by
Mj l‘-fj: f M =V,
g
1.6, we use the foreward difference quotient (3.5), if bj-" >0, and the backward quotient

(3.6), if b <0, where b, denotes the derivative f,.

We assume in addition that the difference quotients v™¥ satisfy the conditions:
[ 10" — o™ <32, [0} -0 | <the,

(3.11) WM P <3he, oMY 0P | < 1he

WYY ol <3he,  for h>0,

at the nodal points x* and xf, P = s(M) (s = +1, ..., +n), the distance between x¥
and x* being 4 in the direction of the x -axis.

We denote
(312) aijszip bj:.f;jjacz.ftl (i:j: 13-">n)°
§ 4. The function v can be defined at additional nodal points xj' = —h, x}' = a+h

(j=1,....n) as in the paper M. Malec [5]. Then it can be verified that the quantity
(4.1) . FOM, uM, uMe, M) = &M,
possesses the property

(4.2) g(h) = max [¢M| -0, as £ —> 0.

xMeQ

The simple but lenghtly calculations will be omitted, ¢f. M. Malec [5].

§ 5. LEMMA 1. Let us suppose that the Assumptions A are fulfilled and the function
rM = M o™ takes on its maximum value at the nodal point x* e Q.
Under these assumptions we have

mn

(5.1) Yagi-r*+ Y bl rti <0,
.=1 P

Lj=1 J
u™ and V™ being defined also at additional nodal points, cf. § 4.

Proof. The discrete function r™ takes on its maximum value at the nodal point
x4 e Q, therefore the quadratic form

(5.2) Xy
L,J=

is negative defined (it is sufficient to introduce the function of the class C* which have
its maximum value also at x“, takes on at the nodal points x* the same valucs as the
function r™, and possesses at x* the derivatives of the second order equal to the cor-
responding difference quotients r4¥).
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From the theorem on quadratic forms, cf. M. Krzyzanski [6], and from the assumption
(3.4) it follows that

(5.3) Z_ at-rt g

Since in addition the difference quotients r*’ of the first order are taken according

to the sign of b, cf. (3.10), we have b} r/<0 and

n
(5.4) N birgo
i=1
From (5.4) and (5.3) it follows the desired result (5.1).

This completes the proof of Lemma 1.
A similar lemma can be proved for the minimum value r® of the function r™

LEMMA 2. We suppose that the Assumptions A hold. We assume in addition that the

function r™ = u™ —vM takes on its minimum value r® at the nodal point x%e Q.

Under these assumptions we have
(5.5) Sajr®? 4+ Y b ¥ 20.
ii=1 j=1
The proof of Lemma 2 is similar to the proof of Lemma I.
§ 6. Now we shall prove the basic Theorem 1 on difference inequalities.
THEOREM 1. We suppose that the Assumptions A are fulfilled.

Under these assumptions the discrete function ¥™ satisfies the following difference in-
equalities of the second order:

n

(6.1) S oMy ZbM I MM > _e(h),
i,j=1 j=
n
(6.2) Z ali rMI L N YoM MM L e (),
i=1
where aﬁ , bM cM denote partial derivatives f,, o Jaj» Ju» respectively, the derivatives being

taken at the suitable point (~).

Proof. 1t is sufficient to substract (3.8) from (4.1) and to apply the mean value
theorem. We obtain then the equality

(6.3) Z ay rM 4 N b M MM = M
ji= i=1
which, by the definition (4.2) of ¢(#), yields immediately the desired difference inequalities

(6.1) and (6.2).
This completes the proof of Theorem 1.
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§ 7. Now we shall prove the Theorem 2 on the convergence of the difference method
and the error estimate.

THEOREM 2. Let us suppose that the Assumptions A are fulfilled, the function u(x) is
the solution of the Neumann problem (3.3), (3.6), v™ is the solution of the associated dif-
ference problem (3.8), (3.9), and r¥ = ™ —y™,

Under these assumptions 1° the difference method is convergent:
(7.1) M0, ash-0, xMeQ,

2° we have the error estimate:
(7.2) Mg~ -2, for xMe 0,

where €(h) is defined by (4.2).

Proof. From Theorem 1 it follows that the difference inequality (6.1) holds at the
nodal point x*, where r™ achieves its maximum value:

(7.3) Soafrt U+ Y btttz —e(h).
e

i,i=1 J
Let us multiply (5.1) by (— 1) and add to (7.3). Then we have
(7.4) ctri= —g(h).
The inequality (7.4) can be divided by ¢*, since ¢! <% <0, cf. (3.11) and (5.5), therefore
we have

(7.5) g —

In the similar way from the difference inequality (6.2) and (5.5) it follows

(7.6) rf >+ g(h)-.
n
But we have
(7.7 r2< Mg, for xMe Q,

hence the inequality (7.2) follows from (7.5) and (7.6).
The convergence of the method (7.1) is the consequence of (7.2) and the relation (4.2).
This completes the proof of Theorem 2.

§ 8. We might attempt to derive the convergence of the difference method in another
way taking into account the fact that there exists the matrix () (k,/=1, ..., n),
such that

n n
A 4
(8.1) foki'“kj = 4;j, Zakj = bj .
k=1 k=1
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With (8.1) in hand we can prove (5.1) without the specific choice of the difference
quotients (3.10) of the first order. Then the rest of the paper, i.e. Theorem 1 and Theo-
rem 2, remains unchanged.

But this way does not include all positive defined quadratic forms (3.4), therefore
this version will not be presented here.
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