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ON MODIFIED PROLONGATIONAL LIMIT
SETS AND PROLONGATIONS IN DYNAMICAL
SYSTEMS ON METRIC SPACES

BY ANDRZEJ PELCZAR

The purpose of the present paper is to introduce some modifications of
prolongations and prolongational limit sets in dynamical systems on metric
spaces. Modified definitions will be equivalent to the classical ones for compact
sets, but they will give some essential extensions for sets being not compact.
Some theorems similar to classical ones will be proved with respect to notions
considered in the paper. Let us notice that formally new are only definitions
of modified prolongational limit sets; prolongations in the sense of definitions
introduced below in Sec. 2 can be considered as certain special cases of very
general notions introduced in [5]. For details see Remark 2.0 below.

1. Preliminaries; classical prolongations and prolongational limit
sets.

Let (X, p) be a metric space and let (X, R; ) be a dynamical system, which
means that 7 is a continuous mapping from R x X into X and the two following
conditions are satisfied

(1.1) 7(0,2) =z for z € X,
(1.2) m(t,m(s,z))=7(t+s,z) for t,s€R, z€X.

Forz € X and M C X we put

(1.3) 74 (z):={n(t,z): t > 0}, m_(z):={n(t,z): t <0},
(14) 74 (M):= U{7r+(z): ze M}, 7_(M):= U{ﬂ_(a:): T € M},



176

and
(1.5) m(z):=7my(z)Un_(z), n(M):=np (M)UT_(M);
the sets 7, (z), 7_(z) and 7(z) are called: the positive semitrajectory of z

the negative semitrajectory of  and the trajectory of z, respectively.
For a nonempty subset M of X and a point y of X we put

)

(1.6) p(y, M) :=inf{p(y,z): z € M}

and if € > 0, then

(1.7) B(M,e):={ye X: p(y,M) < ¢}

If M = {z} then we write B(z,¢) instead of B({z},¢) and so

(1.8) B(z,e) ={y € X: p(z,y) < ¢}

is the usual open ball centered at z with the radius ¢.
Let us recall now the classical definitions of prolongations, prolongational limit
sets and Lyapunov stability in dynamical systems in metric spaces (see for
instance [1], [2]).

If z € X then the (first) positive prolongation of z is the set

D*(z):= {y € X: there are sequences {t,,} of real
(1.9) numbers and {y,,} of elements of X such that
tm 20, Yy — 2 and 7(tpm, ym) — y as m — oo}.

The (first) negative prolongations D~ (z) is defined by the formula (1.9) in
which the condition “¢,, > 0” is replaced by “t,, < 0”.

The (first) positive prolongational limit sets of = is defined by the formula

Jt(z):= {y € X: there are {t,,} and {y,,} such that
(110) lm — 00, Yym — = and 7"'(tm? ym) —Y
as m — oo}.

The (first) negative prolongational limit set J~(z) is defined by the formula
(1.10) in which the condition “t,, — 00" is replaced by “t,, —> —00”.






