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A GENERALIZATION OF THE LOWER
BOUND FUNCTION THEOREM
FOR MARKOV OPERATORS

BY ANNA ZALEWSKA-MITURA

Abstract. A generalization of the Lasota — Yorke lower bound function theo-
rem for Markov operators is presented. It is not assumed that the 2operators
preserve the integral.

1. Notations.

Let (X,.A,m) be a measure space. A linear operator P: L; — L, satisfying
a) Pf>0for f >0, f € Ly; and
b) ||PfI| < [|f]| for f € Ly

is called a Markov operator.
A Markov operator P satisfying instead b) a stronger condition

Pl =Sl for f20, feL

is called a stochastic operator.
By D we denote the sct of all densities on X, i. e.

D={feL(X): f20, [Ifll=1},

where || - || stands for the norm in L;.

Let P: Ly — L; be a Markov operator. The sequence {P"} is said to
be asymptotically stable if there exist a function f, € D and a functional
¢: D — R such that Pf, = f, and

(1.1) Jim |IP*f—c-fl=0 for feD
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and
(1.2) inf {e(f): f € D} > 0.

It is evident that such f, is unique.

A function h € L, is called a lower bound function for a Markov operator
P:Li — L if

]jngo [|((P"f —h)"||=0 forevery fe€D.

A lower bound function h is called nontrivial if h > 0 and ||h|| > 0.

2. A generalization of the lower bound function theorem.

In 1982 A. Lasota and J. A. Yorke [1] proved that a sequence { P"}, where
P: L, — L, is a stchastic operator, is asymptotically stable if and only if
there is a nontrivial lower bound function for P. We show that we only need
to assume that P is a Markov operator.

THEOREM 2.1. Let P: Ly — L, be a Markov operator. The sequence
{P™} is asymptotically stable if and only if there is a nontrivial lower bound
function for P.

LEMMA 2.1. Let P: Ly — Ly be a Markov operator and f,g € L, be such
that

supp f D suppg.

Then
supp Pf D supp Pg.

Proor. Let {A,} be a sequence which converges to infinity, A, € R. Let
a sequence of sets {A,} be defined by

A, ={z eX: A f(z) < g(z)}.
Since A, f > g-1x_4a,, we have
(2.1) supp Pf D supp P(g - 1x-4,)

Now define g, = g+ 1x_4,. Evidently g, — ¢ in L; and Pg, — Pg in L.
By (2.1) and
supp Pg, — supp Pg

the proof is completed. O






