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AUTOMORPHISM GROUP OF SOME
SPECIAL DOMAIN IN C»

BY WLODZIMIERZ ZWONEK

Abstract. In the paper we give an alternative proof (to that in [K]) of the
formula for the automorphism group of some special domain defined in [HP].

For a domain D C C"™ we define

kp(w, z) := inf{p(Ay, Ap) :
there is ¢ : E — D holomorphic such that ¢(A;) = w, p(A2) = 2},

where w, z € D and p is the Poincaré distance on the unit disk E. kp is called
the Lempert function.

_ If D is convex, then for any holomorphic mapping ¢ : E — D such that
kp(p(A1),0(A2)) = p(A1, A2) for some A\; # Ay € E we have

ED((p(Al)a (,0()\2)) = p()‘lv )‘2)

for any Ay, A2 € E (see [L]).
Any mapping with the above property is called a geodesic.
Define (see [HP])

n n
B, = zEC”:ZIz,-P—i— sz <2
Jj=1

=1
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In the sequel we always assume that n > 2. Below we shall deal with the
“problem of finding formulas for geodesics in B}, (see [JP]) and the problem of
description of the group Aut(B},) (see [K] and [HP]). We get a new reasoning
of the formula of the group of automorphisms of B;, (see Theorem 7) and we
find formulas for some geodesics in B;, (see Examples 2 and 3).

Denote by SO(n,R) the group of orthogonal mappings of R (in the sequel
we often identify these mappings with complex linear mappings in C"). We
put also

Q:={z€C":Zz§=O}.
j=1
First, let us recall some properties of B, (cf. [HP], [JPZ] and [JP])

(1) B, is convex;
(2) any point from 0B, is complex extreme for B,,;
B3 is biholomorphic to £(1/2,1/2) := {|z1] + |22| < 1},

(3) so the formula for geodesics in case n = 2 is known;
(4) for any A € SO(n,R) A is an automorphism of By;

OB, is strongly pseudoconvex and smooth (C*) for any z € 0B, \ @,
(5) the smoothness breaks down for z € Q N JB;;
(6) B is not biholomorphic to B,.

Now, fix the points w = z1 + izs, z = 23 + iz4, w # 2z € B,

n Tj € R™,
j=1,2,3,4. Then we have
LEMMA 1. There is a geodesic ¢ : E — B for (w;z) such that

Y(E) C Linc{.'lij 1] = 1,2,3,4} =: F.
PRrOOF. Fix a geodesic ¢ for (w;z) in B}. Take also A € SO(n,R) such

that Ay is the image of y in symmetry with respect to Ling{z; : j = 1,2, 3,4}
for any y € R™. We have, in particular,

Az; =z, j=1,2,3,4 and Ay # y for any y & Ling{z; : j = 1,2,3,4}.

Certainly, Ao (A is now treated as the mapping in C™) is also a geodesic
for (w;2) (see (4)) and, moreover,

p:=(Aop+¢)/20on E






