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FORMULAE FOR BEST APPROXIMATION
IN THE OPERATOR CASE

BY JERZY MALOPOLSKI

Abstract. Let A € L(lg")) and let f € 1% , Ifll = 1. Define
Py ={f()-d:d€ f (1)}, Aa,; = dist(4,Py)
(in the operator norm) and
PY ={L € Py : ||A~ L|| = dist(4,P;)}
(the set of best approximants of A in Ps). The aim of this note is to calcu-
late the constant A4 ¢ for some particular cases as well as to determine the

sets P%. Also the results concerning uniqueness and strong uniqueness of best
approximation will be presented.

Introduction. Let X be a real Banach space and let Y be a closed
subspace of X. An operator P € £(X,Y) is called a projection iff P|y = Idy.
Denote by P(X,Y) the set of all projections from X onto Y. A projection
Py € P(X,Y) is called minimal iff

|1 Poll = inf{||P|| : P € P(X,Y)}.
This definition is motivated by the following simple inequality
& — Pall < I = P| - dist(z, Y) < (1+ || P|}) dist(z,Y)

for any z € X and P € P(X,Y).
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Observe, that if || P|| is “small” then element Pz provides a “good” approx-
“imation of X in Y. Unfortunately the effective formulae for minimal projec-
tions are known for only very few cases (see e.g. [Bl], [Cha], [Chel], [Wo]).
For more information concerning this topic, the reader is referred to [Che2],
[Lew], [OdL], [KT], [Wo].

In particular, in [Bl] a formula for minimal projection from l§"> onto any
hyperplane Y = ker(f), (f € 15,2’, [If)l = 1) has been given. In this case each
P e P(i{™,Y) has the representation

P =1Id~ f(-)-d for some d € f71(1)

see e.g., [BI].
Hence the norm of minimal projection is equal to the constant dist(Id, Py)
where

(0.1) Pr={Le L™ Y):L=f()-dde 1)}
In this note we consider a similar problem of calculating the constant
(0.2) A5 = dist(A,Py)

for A € ,C(lgn)), as well as the problem of finding the best approximation for
A in Py.

In Section I we show effective formulae for best approximants in three con-
crete cases of A (Proposition 1.1, Proposition 1.2, Theorem 1.5).

In Section II we present the conditions under which the-best approximants
determined in Section I are unique or strongly unique (see Def 2.1).

In this note a standard notation will be used. The symbol lg") (15,’.}’ resp.)
stands for the space R™ with the norm ||z||; = Y"1, |zi| (|z]lec = Inax |z

yroey

resp.). If X is a normed space, by S(X) we denote the unit sphere in X. Also

for A € 1:(1§")) the set of best approximants to A in Ps (see (0.1)) will be
denoted by PY, i.e.

(0.3) P ={L € Py :||A- L|| = dist(4, Ps)}.
For d € f=1(1), let us define P, € £(i{™) by
(0.4) Py=f())-d.

Section I.
Let A be a matrix, A = {a;j}i j=1,.. n With
(L.1) aip =0fori=2,..,n.
For i = 2,...,n, define b; = |ay; — fi| + |a2i| + - + |ans]-






