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ON CRITICAL AND
SUBCRITICAL SEMIGROUPS

BY IVOR MCGILLIVRAY

Abstract. The theory of transient and recurrent submarkovian semigroups
and its spectral-theoretic counterpart is extended to the case of subcritical and
critical semigroups under certain conditions.

0. Introduction. Roughly speaking, a non-negative definite Schrodinger
operator is said to be critical if the bottom of the spectrum jumps to the left
whenever we subtract a non-negative non-trivial potential, and is said to be
subcritical otherwise. This phenomenon is mirrored in the behaviour of the
associated Green operator, see [5], [6], [7], [8], [11], [12], amongst others. Tran-
sient resp. recurrent submarkovian semigroups are special cases of subcritical
resp. critical semigroups. The former have been studied in [3] in terms of the
behaviour of the Green function, in the context of Dirichlet forms. A spectral-
theoretic interpretation was given in [4] in an abstract setting. The aim of
the present article is to extend the results of [3] and [4] to the case of critical
and subcritical semigroups in the context of Dirichlet forms, which we man-
age under certain conditions. The various results and their proofs contained
in the next Section up to Theorem 2.12 therefore follow closely [3], while the
spectral-theoretic part, Theorems 2.12 and 2.13 is based on [4].

1. Critical and subcritical semigroups. Let X be a locally compact
separable metric space and m an everywhere positive Radon measure on the
Borel o-algebra B on X. A strongly continuous symmetric markovian semi-
group (T})s>0 on L?(X,m) is given. Denote by —H its generator. We occas-
sionally refer to the resolvent G, := (H + a)~l. We assume

(A.1) (Tt)s>o is ultracontractive, i.e. ||Tt|]1,00 < 00VE > 0.
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Denote by (F,£) the Dirichlet form associated to (T})s>o. We suppose that
this is regular. Let V =V, — V_ be a measurable function such that Vi €
L},.(X,m) and V_ lies in the Kato class V_ € Sk (cf. [10]). The form

loc

FV = {fueF:Viue LZ(X,m)},

EY (u,v) == E(u,v) +/

qu+-dm——/ w V_ -dm; u,v € FV
X X

is a closed form. The corresponding strongly continuous L?-semigroup is de-
noted by (T} ):>o and has generator —H". The semigroup (TY )i>0 is again
ultracontractive ([10], theorem 5.1), so by the Dunford-Pettis theorem (cf. [9],
corollary A.1.2, for example) for each ¢ > 0 there exists a measurable function
p/ : X x X — [0,00) such that

TV f(z) = / pY (5,9) f(u) m(dy) m-ae. ¥f € L' (X, m).
X

Since (T} )+>0 acts as a Co-semigroup in L' (X, m) ([10], corollary 4.2) it makes
sense to define

st = | IV f(a)ds, f € LM(X,m)
0

and
GV f(z) = lim Y f(z), f € L}(X,m).

Define the class of (p} ):>o-supermedian functions by

S:={¢: X - R | ¢is measurable, 0 < ¢ < com-a.e.,

o} ¢ < pm-a.e. Vit > 0}

We assume
(A.2) S# 0 and HY > 0.

We shall show later that (A.2) holds for Schrédinger operators on R¢, using
the Allegretto-Piepenbrinck theorem.

The next Lemma is a slight generalisation of Hopf’s maximal ergodic in-
equality (cf. [3]).






