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THE SHADOWING LEMMA
IN A METRIC SPACE

BY ANDREJS REINFELDS

1. Introduction. The purpose of this paper is to extend the shadowing
lemma of dynamical systems in the Euclidean and Banach spaces [1-6] to the
discrete semidynamical systems [7-9] generated by a continuous map in the
complete metric space.

2. The main result. Let X and Y be complete metric spaces with metrics
p1 and pa, respectively. Consider a continuous map T: X xY — X xY defined
by T(z,y) = (f(z,y), 9(z, y)).

We will propose the following hypotheses:

(Hl) pl(m:x,) < apl(f(ma y)7 f(%’,’y)), a>0.

(H2) p1(f(z,y), f(z,y")) < Bp2(v,v")-

(H3) pa2(9(z,y),9(z",y)) < vp1(z, ") + dp2(y, '), where aé +2v/B7) < 1.
(H4) The mapping f(-,y) : X — X is surjective.

First, we introduce the designation

_ 1—ad—/(1-ad)?—4a2By

l
2ary

It should be noted that al(vyl + ) + a8 = 1.

DEFINITION. A sequence of points {Z,,Yn }nez is an orbit of the map T if

(xn+17 y'n+1) = T(x'na yn)

for all n € Z.
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~ DEFINITION. A sequence of points {(n,Mn }nez is a A-pseudo—orbit of the
map T if

max{p1(f(CnyMn)s Cnt1) P2(9(Cns M)y Mnt1)} < A
for all n € Z.

DEFINITION. A map T is said to have the shadowing property if for every
e > 0 there exists a A > 0 such that any A-pseudo-orbit {(n,7n}nez is
e-traced by some genuine orbit {z,,yn}nez, 1. €

ma.x{pl(xn, gn)7p2(yn’nn)} <e

foralln € Z.

THEOREM Let the hypotheses (H1) — (H4) be true and let (1 —a)(1—46) >
afy. Then the map T has the shadowing property.

ProOF. Let (¢,n) = {{n,n }nez be a A-pseudo-orbit and let

3 = a(l =38+ p)
(1 -a)(l —6) — apy
and
. l1-a+ay
P 0= =0—afy"
Define
X® = {x|x = {Tn}nez, supp1(zn,n) <A}
and

Y* ={y |y = {¥yn}nez, supp2(¥n,nm) < p}.
n

It is easy to see that X*° and Y are complete metric spaces with the
metrics

pP°(x,x') = sup{p1(2n, z,,)}
n

and
p3°(y,y') = sup{p2(yn,yn) }»
n

respectively.
If (1 - a)(1 —46) > afy, then

VI = ab)2 —4a2By > /(1 — ad)? — da(l — a)(1 - 6) = |1 + ad — 2a].
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In the case where ad + 1 < 2a, we calculate

1—ad— — ad)? — 4a? -
46 = ad — /(1 — ad) 4aﬁ'y+6<1 a(5+631
2 2¢e
and
1—ad—+/(1—-ad)? 402
a(l+y)=a+ od = 2(1) by
<a+1——a(5+1+a5—2a:1_

2
Now if ad + 1 > 2a, then

l—ab—1—ad+2
M+s<—2 Wt -1
20

and

1—ad— /(1-ad)? —4a2 -
ad — /(1 — ad) 4a,6’fy<a+1 aé_
2 2
Consequently, vl + 4 < 1 and a(1 +41) < 1.
Consider the sequence of the functional equations

a(l+yl)=a+

Prt+1(9(Pn(2n), 7)) = f(Pn(2n), 20), n € Z,
in the complete metric space
M= {p|p:Y* = X* and p7°(p(z),p(z')) < Ip3°(z,2')}
equipped with the metric

d(p,p’) = sup p3° (p(z), P’ (2)).

Now let us consider the map p — Lp, p € M defined by the equalities

Prt+1(9(Pn(20), 2n)) = fF(Lpa(2n), 2n)-
We have

P1(LPn(2n), L0n(23)) < ap1(f(Lon(2n), 2n), f (LD (2), 2n))
< ap1(Pr+1(9(Pn(2n)s 20)) Pt 1(9(Pn(2n), 23))) + aBpa(2n, 2,)
< @p1(Pr+1(9(Pn(2n); 2n))s g1 (9(Pr(2n), 20)))
+al(7p1(Pn(2n), Pp(2n)) + (Y + 8)p2(2n, 2,)) + Bp2(2n, 2,,)
< a(l +yl)d(p, p') + (ed(vl + 6) + apf)p2(zn, 2,,)
< a(l+9l)d(p,p’) + 1p3(z,2').






