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FRACTALS AND SEMIFRACTALS

BY ANDRZEJ LAsoTA

1. Introduction. Fractals can be considered as generalization of fixed
points of contracting transformations. To explain this fact more precisely
assume that (X, p) is a complete metric space and S : X — X a contraction,
ie.

o(S(z),S(y)) < Lo(z,y) for z,y € X,

where L < 1 is a nonnegative constant. According to the Banach contraction
principle there is a unique fixed point zo of S and o(S™(z), zo) — 0 for every
z € X. However, without any difficulty we may prove even more. The set
{zo} is the unique fixed point of the transformation

(1.1) A S(A),

which maps the family of nonempty compact subsets of X into itself. More-
over, the iterates S™(A) converge in Hausdorff metric to {zo}. If {S1,... ,Sn}
is a finite family of contractions we may consider instead of (1.1) the Barnsley
operator

N
(1.2) F(4) = Si(4).
=1

1991 Mathematics Subject Classification. Primary 26A17, secondary 60J05.

Key words and phrases. Iterated function systems, attractors, invariant measures, frac-
tals, semifractals.

This research was supported by KBN Grant No. 2 P03A 042 09 (Poland) and by CNR

(Italy).



34

Again, it can be proved [2] that there is a unique compact set Ay such that
" F(Ap) = Ao and for every nonempty compact subset A of X the iterates
Fm™(A) converge in Hausdorff distance to Ag. According to Barnsley [1] this
set Ag is called a fractal generated by iterated function system {Si,...,Sn}.

The assumption that all S; are contractions is quite restrictive and excludes
such natural transformations as shifts or rotations. The purpose of this lecture
is to present a construction of a unique smallest fixed point of operator (1.2)

for a more general class of transformations Sy,...,Sy. We call this fixed
point a semifractal.
Semifractals are strongly related with Markov operators. If §y,... ,Sy are

given and py, ... ,pn is a probabilistic vector (p; > 0, > p; = 1), then we may
define a Markov operator

N
(1.3) P,u=2p,- (posS;h) for e My,

i=1

where M denotes the family of all probabilistic Borel measures on X. If S;
are Lipschitzian with Lipschitz constants L;, then the condition Y p;L; < 1
implies the asymptotic stability of P. It is interesting that in this case the
support of the unique invariant probabilistic measure p, of P (Pu. = p)
is a semifractal corresponding to Sy,...,Sy. In general, however, suppp.
is not a fractal. For example using on the plane a rotation and a constant
transformation we may obtain a circle.

Markov operator (1.3) and the set function (1.2) give an example of a more
general interdependence. This fact will be explained in the last section.

In this lecture the proofs are ommitted. The details can be found in [3]
and [4].

2. Metric space of unbounded sets. Let (X,p) be a metric space in
which sets of finite diameter are relatively compact. For a subset A of X, clA
stands for the closure of A. By K(z,r) we denote the closed ball in X with
center at z and radius r. Moreover, we denote by § = §(X) the space of all
nonempty closed subsets of X. By N we denote the set of all nonnegative
integers and by R4 the set of all nonnegative reals.

For A, B € § let hy(A, B) denote the Hausdorff semidistance of A from B,
ie.

ho(A, B) = sup (s, B),
T€EA
where p(z, B) = infyepp(y,z). We admit h,(d, B) = 0 for every B C X. By
h(A, B) we denote the Hausdorff distance between A and B, i.e.

h(A, B) = max{hs(A, B), hs(B, A)}.






