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ON THE WAZEWSKI EQUATION

BY CzEst.Aw OLECH

1. Introduction. In 1947 Tadeusz Wazewski published a paper [1] whose
aim was to give an estimate for the domain of existence of the implicit func-
tions, and of the inverse maps as a special case. The paper appeared in the
same volume of Annales de la Société Polonaise de Mathématique which con-
tains his celebrated retract method. In this note we discuss only this special
case of the inverse map. Wazewski’s main idea was to apply the theory of ODE
for that purpose. Namely, he suggested to study the differential equation

(W) &= Df(z) " w,

where f is a continuously differentiable map from an Euclidean space E into
itself, D f(z) stands for the derivative - jacobian matrix of f, and the parameter
w is a vector in E. The equation (W) is well defined in the domain where
Df(z) is not singular. A solution z(t) of (W) is the function whose image by
f is linear:

(1) f(z(t)) = f(2(0)) + wt.

We fix the initial condition z(0) = a and denote by z(t,a,w) the solution
of (W) with this initial condition and by T'(a,w) the right-hand end of the
maximal interval on which z(¢,a,w) exists. It follows from (1) that z(t, a, w)
is uniquely defined and thus depends continuously on a and w and therefore
T(a,w) is lower semi—continuous with respect to both variables. By (1) the
map

(2) 9(y) = z(1,a,y — f(a))
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_is the inverse map of f. That is, f(9(y)) = f(z(1,a,y — f(a)) = f(a) +y —
f(a) = y. Clearly, g is defined on the set

(3) S(a) ={y: T(a,y — f(a)) > 1}.

Notice that S(a) is the maximal star shaped set with respect to f(a) on which
the inverse map exists. Another way the set S(a) can be represented is:

(3) S(a) ={y:y = fla) +wt, |lw|| =1, 0 <t <T(a,w)}.

The equation (W) is now known in the literature as the Wazewski equation
and this name was first given to it by J. Sotomayor [2]. If we restrict ourselves
to w from the unit sphere then any two solutions of (W) are either identical,
or cross each other at only one point or are disjoint. If we assume that

(4) det Df(z) > 0 for each z
then for any a and w # 0, z(t,a,w) — oo if t = T'(a,w). Denote by
Qa) ={p:p=12(taw), 0<t<T(a,w), |[w]|=1}

the emission zone from a of the equation (W), in terminology of Wazewski. It
is open and simply connected set. We notice that from (1) fin(a) is injective,
f(Q(a)) = S(a) and f~! = g, where g is given by (2). In particular, if we are
able to estimate from below T'(a,w) by r then the radius of a ball centered
at f(a) on which the inverse map f~! exists is at least r. Such estimates has
been obtained by Wazewski in [1].

This idea of Wazewski gives a short proof (see [1]) of the following clasical

HADAMARD THEOREM. For a class C* map f : E — E assume (4) and
(5) 1f (@] = oo if [|z|| = o0

then f is a diffeomorphism.

PRrROOF. From (5) it follows that f(z(t,a,w)) = oo if t = T'(a,w). From
(1) we have f(z(t,a,w)) = f(a) + T(a,w)w. Thus T'(a,w) = 400 for each w
and hence S(a) = E. Therefore f is one-to-one and onto E which completes
the proof.

2. The Fessler—Gutierrez result. The aim of this note is to give another
example where this simple idea of Wazewski could be applied. It concerns
the recent result independently obtained by Robert Fessler [3] and Carlos
Gutierrez [4].






