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Abstract. By using the sun-reflexive Banach space relative to an operator
A(0) the existence and uniqueness of the solutions of the semilinear first and
second order equations are proved.

1. Introduction. Let (X,||.||) be a Banach space and suppose that A is
a densely defined closed operator on X in symbols: A € C(X). For such an
operator A we may define the adjoint operator A* in the space X*. However,
the domain D(A*) need not be dense in X* and because of this fact we cannot
define the second adjoint operator A** on X**. To avoid this situation one

may use so called ®-adjointness or “sun-adjointness”. For details and proofs
see, e.g., ([1], Chap.14).

DEFINITION 1.1. ([1], Def. 14.2.1) We shall call A.€ C(X) a sun-operator if
(1) D(A) is dense in X,
(2) IR Al = O(5) as A — oo,

For a given sun-operator A, the vector space D(A*) C X* will be called the
sun-adjoint space of X relative to A; we shall denote this space by

X© = D(A*).
We denote by A® the restriction of A* with domain

D(A®) = {z* € D(A*): A*z" € X®}.

We collect some facts concerning this “sun-adjointness” in the following
proposition.
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ProposITION 1.1. ([1], Chap.14)

‘1. For arbitrary X and unbounded A, the sun-adjoint space may very well be
a proper subspace of X*.

2. If we put ||z||" = sup{||z®(z)| : z© € XO,||z®|| < 1} for all z € X, then
II.Il" is @ norm in X which is equivalent to the original norm in X; in fact
lzl]” < ||lz|| < M|z||" for all x € X, where

M = liminf [|AR(X; A)|.
A—o00

3. A® is a sun-operator.
4. The generator A of a Cy-semigroup is a sun-operator.

From this proposition it follows that we can repeat the above procedure
with A and X replaced by A® and X©. We define (X©)® = X©© to be the
sun-adjoint space of X© relative to A®.

Now we recall the following definition.

DEFINITION 1.2. ([1], p. 431) We assume that X is renormed with the
norm || . ||".
Then the space X is called “sun-reflexive” relative to A if j(X) = X©©,
where 7 : X — X™** is the canonical embedding of X into X**.

In particular, X is sun-reflexive whenever it is reflexive in the usual sense.
Furthermore, a non-reflexive space may be sun-reflexive relative to certain
sun-operators.

In the sequel we shall need the following lemmas.

LEMMA 1.2. ([2], Lemma 2) Suppose that

(1) the Banach space X is sun-reflexive relative to an oparator A,

(2) A is the infinitesimal generator of a strongly continuous semigroup
{U(¢),t > 0} of bounded linear operators from X into itself,

(3) the sequence {z,} C D(A) is weakly convergent to zo € X
and sup{||Az,| : n € N} < oo,

(4) for each z* € D(A*)

lim z*(Az,) = A*z"(x9).

n—oo

Then zo € D(A).

LEMMA 1.2. ([7], Lemma) Let A be a densely defined closed linear operator
on a real or complex Banach space X and let z,z € X satisfy v(z) = (A*v)(z)

for allv € D(A*). Then z € D(A) and z = Az.






