TN A

7 f ZESZYTY NAUKOWE Umwmsvmu mamsxrwo
 Nrss . ' PRACE MyATEMATYCZNE ZESZYT 1 1962

Marian 'Luczyriski

;0n the convergence to zero of osclllatmg solutions of an ordmary dlffe-
rential eqnatlon of order n -

. In this paper we are to/ deal with solutions y(x)y of n-order differential
-equation which tend to zero as x# >oco. In the theory of stability a number
of sufficient condmons for the existence of such solutions is known [3).

In the casa .of second order differential equatmn

(1) o Yy —f(wsy’?/)a

: ,under rather general assumptions it may be proved that the solution 'y(:‘v)-
.. tends to zero, if it oscillates and the oscillations are more and more frequent i.e.
.7 if the following conditions hold:

(@) ' . oy(m) =0 for »=1,2,..

13} o ‘ ‘ m1<w§<w3‘<..; » -
C4) o lima, =+ o0
e . hm(w,+,—m,>—o

. _Wlth aid of differential mequahtles the analogous theorem can be stated for
* the equation ‘ 4

‘ (6) ’ ‘ :'/(n) = f(.(L‘, Yy y'j"a," y(nfl)) !
' where the function f satisfies the condition

X . ‘ ) n—1
@ @) 2052y ey 2] <K(1 + ) lal)
=0 -
and K is a constant [2] . L :
‘We give some criterion for the convergence to zero of an oscllla,tmg solutlon
of equation (6) replacing the inequality (7) by another estimate. An analoguus
result for the equation (1)'is due to A. Lasota [2].
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Theorem Aswms tkut the fumtmj ,g,zl, .,zn-l) i defmed in m .
C D;: a <‘w; Y, zl, ,z,,.., arbﬁrary o Ry

ma -
K (8) : I.f(w,?hzl:‘wzn—l)' —M for lz'n‘—1|<h’. R

- where M wnd L are positive oomtamts Let y(w) be the solutwn o,f tha oquauon (6)
. salisfying the conditions . (2)-(5) (2, > a). Then ,

hmy(w)

Proof We shall first prove that there 15 N such tha,t. for » > N we have .
. “ (9) ' ; | o | ]g(”“l)(w)l . .
in-' the interval ' ' -
4, = ["”v+19 '”v+n] '
In fact suppose that the 1neqwa,11ty 9 does not hold for an mﬁmty of mtervals
4,. Then in each of these intervals there exists a point at which |y (x)| >k -
and a point at which y®-? (x) = 0 (this follows from the Rolle’s theorem apphed; ‘
- to the function y(x) and its derivatives). This implies the exlstence of an: :
infinity of intervals [a,, 81C 4, such that ~
@) lyo(@)| <h for o <z<p
" and ‘ S ,
(@) gD =k, yo (B) =0 or yo=i(a) =0, |geN(p) =h.

) Due to (11) and by mean value theorem apphed to the fu.uctlon y‘”*" (w) in
- the interval [a,, 8,] we get:

b=y (s, )——'ym-n(a,)] (ﬁ. a.)maxl yw (w)l

i

The' mequahty (10) and the assumpmon (8) 1mp1y

ma.x]y("> “")1 ma'xlf(w) Yy ooney y(n—l))I <M
‘ Iayvpp qupﬂv] . . .

therefore we get the estimate for the length of the intervals
. / : . h
) (12) . ‘wv+!t—— wv+1 ﬂv '. M> 0.
valid for every 4,in Whlch (9) does not hold. This contmdlets the &Bsumptlon (5),
because . . -

{13) hm(a;,.,.n—w @yp1) = 11m (wﬂm“ Tyin—1) + «+-lim (m-+a"'-'”v+1) =0




'means that tor snfﬁmeaﬁy large ¥ in the mt,erval 4, the mbqua,lity @
olds. =
" Now we shall ma,ke use of the followmg lemma [13:

If a function A(z) is defined and n times dszermlmble n, an mtmal (a b)
. umd st n zeros in this interval, that is

‘for‘ k'-»‘12 Sy

3.(3)]‘) = 0

‘“wkare a <z <. <a9,. <°b, then jar e'very we(a b) there emists & such that

l(n)'(:f) ‘ o ) | ‘. B p
n!

. - Jl_(w)'z»(:q—wl)(w—-,w,) (m_mn)‘

mln(w wl) <é< ma,x(w Tn) )

- We turn to the proof of our theorem thosmg e=c sueh that ' S

. ~f(14) | |y (e)] =mdaxly @) B <C < Byrn

and applying the lemma to the function. y(x) for o = ¢ we have

(15) ' y(c) = (»c*wvfl}'(c_mv+2) (0"*%+n 1) y((n—l)l()s')
where ‘ .
‘ ‘ Dpp1 < E< Lotn»
“From (9), (14) and (15) wo get the estimate:
‘ | max|y(#)] < (@y4n—a 1)”‘1—h—~
. ‘ 4 y+n — Wy (%_1)! |
- whmh ‘owing to (13) implies
limmazx|y(z)] = 0.
iy : P00 A‘ .
“Hence we have
sup]y w)| = sup max|y m)[—>0 a8 N-oo | , .

bd LETY
" thus

0

iiﬂly(w) =0 -

which finishes the proof.

. 1):This lemma may be easily proved applying the Rolle’s theorem to the function Dt) =
= (=2 e {t — 2s) A(2) — (@ —2,) ... (= 72) A{t) and its derivatives.
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Rem ark. If (8) does not hold then there may exist a solution sat’ysfymg
(2)-(8) which - does not tend to zero. An example hag been " given - by
A. Lasota [2] :
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