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- On the convergence of sequences of pomts in.a plape defined mductiVely
R by a homogeneous affine transformation

1. Method of iteration. The so called method of iteration is one of the
* methods of a numerical solving of (numerical) equations. In the case of two
‘equations with two unknowns this method consists in brmgmg the system
to the form - :

(1) S =@ ), ¥ —v(@,9).
- If the point M, = (m,,, Y,) i8 a solution of the system (1), i.e.
(2) Ty = @(Tyy Yo) » Yo = 1p(£00, Yo)

- and the pomt M, = (%, yl) is an approx1mat10n to this solutlon, then under
' gsome circumstances the sequence of pomts M, = (s, ys) defined inductively
by the formulae

. (3) o A - Zns1 = P(Tn, ’yn), Ynt1 = 9(@n, ?/n)

.converges to My: @n—>@,, Yn—>Yo a8 n->oco. Thus it is a method of ,,1mprovmg

- the aceuracy”. In the one dimensional case (one equation with one unkrdown)

the concept of a better accuracy (of a smaller error) is obvious, in the many-

dimensional case it depends on a conventional distance metric. ,
Let us introduce three metrics o, ¢y, 0o’ in a pla,ne (the many- dlmensmnai

_case is analogous)

o(M,, M,) = l“’z""%l + Y2— vl

- e(My, My) =_max(|m2_¢1l’ lyx.—?hl)
Q“(Mﬁ M) = [(‘vz“‘ml)z'l'(?/a_?h)s]m-

~Instead of ¢"'(M,, M,) we also wnte M, M,. If op >, Yu—>Yo then: g(Mo, M)

-»0 and conversely. The metries o’ and ¢’' have the same property. - :

" Let us assume that the functions q: and y are differentiable. From (2) and (3)
we get

wn+1—“mo = @(@n, Yn)— P(Zos Yo) »
Ynt1— Yo =9(@ny Yn) — ¥ (Zos Yo) -
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" On the segment M, M,, there emst pomts P,., On sueh that-
Lpy1— Ty = <Pz(Pn) (wn wo)q'%r(Pn) (yﬂ yo)’

. ?!n+1'—?/o = 5(@n) (%——%H—%(Qn) (len %) - i
o Theorem 1. If there exist numbers r (r > 0) and q (0 < gq <1) such tMt s
for each point M, (o(M,, M) <r) there. is ‘ , :

e MD)]|H el )] <4, 30| H( D] <

.and we choose a point M1 satisfying the co'ndztwn Q(Mo, M) < r, thcm Q(M,,, M,)T ’ f :
-0 monotonously for n->oc0, . . o ‘ ' S
Proof. From the relations (4) W@ get ' ‘

]wn+1—-’”o|+iyn+1 ?Iol (I%IH%IH"’% wol+(|¢u|+|%] Iyn—'?!ol

therefore
o(M,, MM-I) < g Q(Mo: M) .

Theorem 2. If there exist numbers r (r > 0) nmd g (0<g< 1) such that |
for each point M (0'(My, M) < 1) there is :
l%(M)I+l sl M)| <g, lwx(M){+lwy(M)l <4q

) and we choose a pomt M, , satisfying the condition g (M 0y M) < r,then p (M,,, M,.)
-0 monotonously for n->oo.

I'roof From relations (4} We get

Max (|[@pt1—Toly [Ynt1—Yo|) N
< max(|gz| +| @yl I'Pz|+l'l’y|) mﬁx(]wﬂ_%l l?/ﬂ ?!oi):

thus . o
4 (Mo’ Mu)<q- e (-Mm -Mn) : o /
Rema.rk From theorems 1 and 2 it follows that the pomt M;is an lsolated e T
' point (of the point set of solutions). It is known that a sufficient condition . -
for point M,, satisfying the system (1), to be an isolated point is that the
Jacobian of the funetion z—g¢(x,y), y—vy(z,y) be different from 0 in the = .
point M,. Under the assumptions of theorems 1 or 2 this Jacobian is different
from 0. E.g. from the. assumptlous of theorem 1 it follows that ‘

el <1—lgal  lpul <1yl

9y e <|ov vzl < (1—]gel) (1~] 9 ]) < (1—a) (1—1) L
- thus : S D L B
| 1~gg, Py

19z, 1wy
'With the asﬁumptmns of theorem 1 or. 2 we have also

(5) > 0

I% Y—Py- 'P:rl<1
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i il‘or the metne 9" the smua.tlon is less clear We assume that in . the neigh-
. bourhood of point M, the derlva;brves are consta,nﬁ 1)
Let us put ‘ -

au—*%, a1a=‘Pv’ Oy =Yz, - A =Yy, Q?(O?O)
‘ A =y 0 — Gigly; 8 = Ot O
: ;"We shall consider the homogeneous aﬁme transformatlon :

T { @' =y &+ Oy
Y '-“nw"“'aaa_y

" and a sequence of points { M} where M, ig arbitrarily chosen and M, n+1' = T (M, ,.').

: . We shall distinguish two cases 4 =0 and 4 # 0.

o 8] <1

TLemma 1. For A = 0, the sequence §M,—>0 monotonously if and o'nly ‘of

Proof. The condition A = 0 is. equlvalent to the condition: there exists

; & number & (k # 0) such that either ay = kay, Gy = kay, OT &y = kay, a5

= kaz, In the first case, in whatever manner the point M, will be chosen,
:t;he pomts M,. are lymg in the stralght line y = kv and then

Tnt1 = an-’”n + aYn = (0111033 k)wn = sa’n

Yni1 = ktnpn  for m>1.

The second case is similar. Tn the case A s 0 let us consider a circle
’ : . ¥

o - aty-1=0.

o Tt is the T-image of an elhpse (or circle) -

(8) ‘ ] (auw+auy)2+(“alw+an?/)z—1 == 0

- "Lemma 2. For A # 0, the circle (7) zs lymg inside the ellipse (8) tf zmd,
only -if : :

® o lAl<1l dhtahtditd <14

i Proof It is necessary and sufficient that both semla.xes of elhpse (8) be
. greater than 1 i.e. that the eigenvalues ,, J, of the quadratic form in (8) be ’
. smaller than 1. Let us form the characteristic equation of the elhpse (8) .

‘ F(%) '“12"(4111+“12+421+022)1+A2 -0
- Bince A, >0, 4> 0, the conditions <1, <1 are equwa.lent to the in-

-~ equalities

( Ay 22<1 and f(1)>0
. and these are the conditions (9).

1) Tlns a.ssumptmn is ‘useful in computatlonal mathematics. In- computatlons wﬂ:h ap-
Vr(pmximate ‘numbers the inequalities must be satisfied with some reserve.
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' Lemma. 3. In the case A #0 the condztzon (9) is equwalent to t}w emmmoa

of a number ¢ (0 < g <<1) such that 8T (M) < q-0M.
The easy proof may be omitted on notwmg only that -

@ =max(4y, 4,).

‘ If A =0, then it follows from the second condltlon 9) that | | <1. Indeed, :
. addlng both sudes of

G11+alz+a21+a22 < 1 ’
2 (@1 Gy — Oy98y) = O

 we obtain (ay —]-.‘a,s)2+‘(alg—‘— ay)* < 1 and hence |s| < 1. Thus we get

“Theorem 3. The necessary and sufficient condition for a' monotonic com-

_ vergence of the sequence { My} to 0 with respect to the metric ¢", is the condition (9).
' The above theorems constitute criteria of a monotonic convergence of
the sequence {M,} in the sense of a corresponding metric. In what follows
we shall deal with sequences of points in a plane iterated by the transforma-
tion (6) and we shall give necessary and sufficient conditions for the convergence
of these sequences. . :
2. Classification of homogeneous affine transformations accord- ~
ing to the existence of invariant straight lines passing through the point 6.
. Let us introduce the characteristic equation of the matrix of transformation (6)

Ap— Hy Qg

:_su+4=0.
Qgry Ag— [ # #

10) - D(u) =
The discriminant of this equation will be denoted by
) ‘ A =dd—g.

-Let us distinguish three caseg: 4 < 0. Transformation (6) is called hyperbolic.
There exist precisely two invariant stralght lines 1,1, passing through 6. -

Mel,, M' = T(M), then OM = p,0M, where D(u,) =0, (x =1,2). 4=0. '

'Transformation (6) is called parabolic. If @, =0 and ay =0, (6) is called
a homothetic transformation. If not, then there exist precisely one invariant
straight line 1,. If M el,, M’ = T(M), then . oM = 8[2- OM. A > 0. Trans-
“ formation (6) is called elliptic. Invariant straight lines do not exist. ¢

3. Crlterla. for the convergence.of sequences iterated by a homo-’
" geneous affine-transformation.

Theorem 4. A sequence tterated by tmnsformatwn (6) of hyperbolic type
is comvergent if and only if '

(11) - 4] <1, |s|<1+A.

Proof. Let us consider a parallelogram (interior included), whose diagonals
lie on the straight lines 7, and I,. Its 7'-image is a parallelogram of the same









