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_’ On the E Levi’s condition of the analytlc convexxty of a dumam in the
: space of two complex variables

. Let T .

- 1) - D= di(ml, Y1y Dy 3/2) =0 ,

. bethe bounda.ry ofa domaln D in the space of two complex variables 2, = @z + Y
and let P = P(al, 43, wg, ¥5) be a fixed point on the hypersurface (1) Suppose

. “that the sufficient small hypersphere with the center at P and radius r is
-divided by the hypersurface (1) into two parts: one of them is in- and the
other outside D. Let @ be positive outside D, K. Levi introduced the'follomng

.. definition ([2], p. 154). The domain D is analytic convex (pseudoconvex) at P

LAt every analytic two-dimensional surface which passes through P contams

"in every neighbourhood. of P points #P at which is & >0.

~ 'The liypersphere is an example of a domaan which is pseudoconvex at

’, every boundary pomt P In fact, let

(2) ] '—w1+y1+wz+y2—R2 =0

;be the boundary of a hypersphere and 2, = f(2,) be an ana.lytw surface which
~. passes through the boundary point P (R 0, 0, 0). The equation of the surface
-ean be written in the form :

- @8) - 5"1 = u(wa; i'/z): W = (&, yz) .
. .'where % and v are harmomc functmns defmed in a nelghbourhood wg-i-yz <7
= :"“:of the point #, =0, y, =0.

o - Suppose first that » = const, » = const As the pomt P lies on the surface (3)
s w0, 0) 4 v¥(0, 0) R2. Along the surface (3) the function (2) is non-negative
. and therefore the hypersurface (2) satisfies the K. Levi’s condition at the point P.

- In the general case along the surface (3) is ’

u(wa,yz)+v(wa,ys)+mz+yz—1%2 0

' *where w40, 0)+v’(0 .0) = R?. From the maximum prmc1ple follows- that in -
o ;every nelghbourhood ‘'of the pomt Ly = O, ¥y = 0 there enst pomtﬂ such that

gy ULy, Ya) +'”2(“'2’ ya) = “2(0 0) +"’”(0 0)
' Therefore @ > 5+ }/z > 0 and the hypersphere ig analytm convex at P.
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- E. Levi proved the followmg theorem

* The necessary condition for the analytw convexity of a domam D at the boundary .
point P is . ‘ - : . =

o _ 0: ¢E’ QE, :
. L) =—|Pus Bz s Boz | >0
‘ _ ": ! Tegyr Teg,
at P, where the boundary hypersurface ® is twice cortinuously differentiable. A

The sufficient condition is L(D) > 0 at P. If D=0 is an analytic hypersurjuce

then L(®D) =0 and vice versa. o
We shall give some sufficient. conditions for the a,na.lytlc convexity of

' a domain D bounded by @ =0 at a point P. ‘

' Suppose that the equa.tmn of the boundary hypersurface is

@ D =t~ p(Ys, @y Y2) = 0 - o -

Let P = P(ml,yl, wz,yg) be a fixed point on (4) and let o ,
u(wy yz) =] v (@2, 42) = %1

®) , , 0, ’o 0

' , (‘1’2792)"‘?["’(5”2992),“’2,92] =0

be for an analytic surface which passes through P. Suppose that % (L5, Ya)

= const, v(zy, ¥;) = const in a neighbourhood of (a2, yz) If the domain D is
' analytic convex at P, then in every neighbourhood of (a3, y3) there exist pomts T
such that e

(6) (&g Ya) — @[0(@s, Ya), Tay Yol = “(wh 3’2) ‘P[”(WZ’ 92)’ Tgy Ya) >

We obtained the following sufﬁclent condition for the analytic convexmy :
of D at P (with respect to the class of surfaces u = const, v = const) )

If the function ¢(y;, ¥y ¥;) has the maximum at the point (43, #3, y2) then
- the condition (6) is satisfied.
If there exists a nelghbourhood of the pomt (@3, y3) such tha.t

‘p(yl’ Zgy Ys) > ‘P(yl, w29 ?/2)

for @,, y, # wg, yz (it m. the function ¢ has a strong minimum at mz, ¥3) then‘ L
the domain D is not analytic convex at P. B
In the general case (when u =% const, vs& const) the Levi’s condition can o
be expressed as follows: .
In every neighbourhood of P there exist pomts # P such tha.t

(N '"'(“’a, Yo)— @[0(®yy ¥2) ) T2y Y2l >

for every pair of conjugated harmoni¢ functions which satisfy ,(5). ‘ SN ‘E
The condition (7) can be written in the form : :

(8) (% Ya)— u(@z, y2) > p[v (@, I’l:): T35 Yol —plo( (@2, ’!l2), 5y Yol -




From the maximum principle for the harmonic funetlon U (X5 y,) folloWs that
in every nelghbourhood of {3, y2) there exist points such that w (&, y,) =
—u(xy, a3) > 0. Therefore we obtain the following sufficient eondmon '

If the fumction (yy, @, y;) achieves mammum ‘at the point (47, 23, y3), then
the dtfference @[v(s, Ya)y Ty Ya] — ¢p['v(a;2, ¥3), o5, 431 48 <0 in a nezghbowhood /
-~ of (23, y3) and the condition (8) is satisfied. :

Suppose that the hypersurface z, = ¢(¥;, 2, ¥,) is of the class C* and that
there exists a pair of conjugated harmonic functions u (2,, ¥,), v(w,, ¥;) such that

®) L (@ ) < 9[o(@n ), o, )]

in a neighbourhood of the point (2, 33), (@ = wu(at, 93), y1 = v(a%, ¥3)). From (9)
follows that the domain D bounded by x, = ¢(y,, #,, ¥,) is not analytic convex
at P. _ o :
The difference ¢[v{x,, ya) @y Ya]— U (25, ¥5) = f has a strong minimum at
the pomt (22, 43). The following condltlons are sufficient for the existence
- of the minimum for the function f at x5y Yo

(10) foo =@y Vo + Pra— Uz, =0, fr, =gy, "’v.+9’v: Uy, =0,
R _ 2oty Fne— Fzn? > 0y ey > 0.
Bince u;, = vy,, j, = —v;, the conditions (10) can be written in the form -
| Pon Voat Py =00 =0, G- 0yt g+ 05, =0,
| (11) [Py (92 + 2040, - V2, + QU Vo + ‘Pgnwn Ve [Py - (9,)° +
) + 20y, - ’vﬂz + @y1 Vsys + P+ ”waug} t%rm‘ Voa* Vys + Py Vou T
+ Py Vs + Prias” Vs + Pras T Va2 > 0,
Puwr” (V2 2 + 2@ys + Py Vnze + Plosza— Vg > 0.

} ‘Suppose that P is the origin of the coordinate system and that the equation .

" ~of the hyperplane tangent to 2, = @(y,, @, ¥;) at P is o, = 0 (it is ¢, = @z,

=@y, =0 at P). Then from (11) follows

Vgy =0, Uy, = 0',
- (12) _ (s — Vrswn) (P + V) — (Pt + W) > 0
. Pirgrg— Vg > 04

. Therefore: If the domain D i3 analytic convex at P, then for every ‘harmondc
“Junction v(x,, y,), v(0,0) =0 is

(13) . Vo 70 OF 0, A0 0T @iy, — Vi, <0 oOr

B (14) . (q):t;xe - Q);C;Vz) (‘P?,Ilzllz + "";’m) - ((Pgnyz + 'vitazs)z <0

We obtained a necessary condition for the analytic convexity of D bounded
- by the hypersurface », = ¢(y,, #;, ¥5) of the class C* at P.
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 _ dition (14) is satmhe’d

. ( ‘ ?’vm) ‘5’4(?’% ‘Pvm <0.
‘ From the. la.st mequa.hty follows '

: ¢M+¢VWI '_0 R .
Remark Suppose ‘that the pomt P ig the origin of the coordinate system R

: and that the hypersurface through P-lies below the hyperplam @ =0, ibm

-for the points which lie on z;, = qa('yl, Ty, Y5) and inside D is ; < 0, Then t.he
~ domain D is analytic convex at P. From the maximum principle follows that -
for every analytic surface 2, = f(2;) through P there exists 9 point for whmh :
a:1> 0 (which ]168 outside the domain D).

REFERENCES

{13 E. E. Levi, Sulle ipersuperficie dello spavio a 4 dimensioni. che possono essere frontiera '

del campo di esistenca di una funzione anamwa di due variabili complessa, Annali di Mat. @) -
.18 (1911), 89—79. '

[2] A. Dyxc, Teopun anasumuveckux 9$yukquu MHOZUX. KOMRAEKCHBX NePeMENHBIX, MocKBa '1948.




