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: C&nstmctmns of the envelape of holomorphy of arbitrary domams in the

L space of n complex variables

. §1 Definitions. Let C* (n>1) be the space of n complex vana.bles
,fz = (24, ..., 2). The set of points of thiy space, with a certain property W(z)

. shall 'bé denoted by [2: W(z)] The Buclidean distance of points ¢’ and 2"’ shall
“be denoted by |’ —z"| = (|si— 2B+ ... +| 2n—25 2)¥2. A domain in the space
‘ 'C" shall be always conceived as an arbitrary open set C O™, For a given domain

. D the Euelidean distance dp(2) of point 2z ¢ D from the boundary of this domain |

~will be defined as the upper bound taken over all values r, for which the set
#': Jl'—2| <7]1C D. We shall consider here schlicht domains only.
-"‘Deﬁmtlon 1. The domain D C C” shall be called a domain of holomorphy
'if there is a function f(2) holomorphic in D which 1s not holomorphlc in any
larger domain. ‘
* = Detfinition 2. The envelope of holomorphy E(D) of the domain D is the
- largest domain in space C" embracing D of the property that every functlon
'-:hoiomorphlc in D is holomorphic in E(D) as well. :
. These definitions lead directly to the coneluswn that - 1° the equa,tion. V
._‘D E(D) is equivalent to that D is a domain of ‘holomorphy and 2° H(D)

-+ i8 the smallest” domain of holomorphy containing D.

-+ Definition 3. The real function ¥ (z) will be called plm@subharmomc in

. domam D, provided that:

1% —co < V(2) < oo in D,

2°V{z) 1s upper semi- ﬂontmuou& in D,

3% for an arbitrary point a = (a,, ..., as) # (0, ..., 0) of space 0’" and 2, eD
: !unctlon V(2,+ 4a) is subharmonie with respect to a complex parameter A
varying in such open set of space (1 for which point z,+ ia belongs to D.

.:Deflnltlon 4. Let <p(z) be the real and continuous function in D, M be
‘the class of functions V( ) which are plurisubharmonic in D and satisfies in D
the inequality V(z) < ¢(2). The largest plurisubharmonic minorant in D of
MWWn (p(z) will be ca.lled functlon U(z) given by the formula

U(x) =Tm sup{V (")}
i z’—»zV(z’)eM .
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Defmitlon 5. The domain D is “called pseudo-convex, if the functlon
—logdp(z) is plurisubharmonic in D.

We shall in our further considerations apply the followmg important Oka.’s ,
theorem [11]: The schlicht domain D i3 a domain of holomorphy zf and only
if the function —logdp(z) is plurisubharmonic in D.

In this paper we are concerned with certain methods of the constructions
of envelopes of holomorphy E(D) for the given domain D in case when both D
and E(D) are schlicht domains. The third of these methods may be generalized
([7]) in the case when at least one of domains D and E(D) is not schlicht, but
this generalization would go beyond the scope of the present paper. o

§ 2. Taylor’s method I ([13]). Let us denote by V*(z) the largest plurl« ‘
‘subharmonic minorant in D of the function —logdp(z). For this method will
be fundamental the following

Theorem 1 (Taylor [13]). Every function f(z) holomorphic in D s also
holomorphic in domain Dy given by the formula ‘ .

=zL€JD[z'= ll' — ]| < exp(—V*(2))] .

Proof. Let M denote the class of all functions V() plurisubharmonic and
satisfying in D the mequa.hty V(z) < —logdp(z). We have to prove that
. D, C E(D). Since .
o E(D) Dz%[z I — 2| < drwy(2)]

it will be sufficient to prove that
exp (—V*(z)) <dgpy(2) for =zeD.

E(D) is a domain of holomorphy, so according to Oka’s theorem quoted in
§ 1 function —logdgp, is plurisubharmonic in D. On the other hand, from
the definition of the point’s distance from the domain’s boundary we obtain
in D the inequality

dpm (2) > dplz), ie. —logdmp(?) < —logdp(z).
The function — logdgp) (2) belongs consequently to class M. Thence according
to the definition of the function V*(2) we obtain in set D the inequality .
(1) —logdm) (2) < V*(2), ‘

i.e. dmp)(2) > exp(—V*(z)), which terminates the proof.
From theorem 1 directly results the following :
Corollary 1. A necessary and sufficient condition that D be a domain
of holomorphy is that the domain D, obtainéd through theorem 1 be equal D. ‘
Indeed, if D is a domain of holomorphy, then the function —logdp(z) is -
plurisubharmonic in D and V*(z) = —logdp(z), whence D = D;. And vice
versa, if D = D;, then it appears from the construction of domain.D, that

(2) dp(z) =exp(—V*z)) for zeD.




- Bince V*(2) is ‘a plurisubharmonic function in D, then it follows from (2) that
- —logdp(=) is also plurisubharmonic funetion in D. Consequently D is a pseudo-
- convex domain, which according to Oka’s theorem signifies that D is a domain
of holomorphy.

If the domain D is not a domain of holomorphy, and the domain D, obtamed
through- the application of theorem 1 is one, then theorem 1 will give the
construction of the envelope of holomorphy of domain D. This envelope is’
just domain D,. If, however; D, is not a domain of holomorphy, there will
- arise the question whether there is an increasing sequence (finite or infinite)
{Ds} of domains possessing the property that D;D.D and D, result from
D; through the application of theorem 1 te D; (for ¢ =1, 2, ...), which will
make it possible to construct envelopes of holomorphy for domain D. In case
when the sequence {D,} is finite its last item will be the envelope of holomorphy.
If such is not the case the question will be answered with the following

Theorem 2 (Taylor [13]). Domain D* = CJ Dy, 18 the envelope of holomorphy

. n=1
for domain D.

Proof. If domain D* were pseudo convex, then since E(D), according
to Oka’s theorem, is the smallest pseudo-convex domain containing D, we
would have E(D)C D*. On the other hand, from the definition of sequence
~ {Dy} it is obvious that D, C E(D) for n =1, 2, ..., whence D*C E(D). So we
have the equality E(D) = D* To prove theorem 2 it .will be consequently
enough to demonstrate tha.t D* is pseudo-convex.

Let 2, be a fixed point belonging to D*. Then there is an mteger N and
a neighbourhood Q(z,) of 2, such that £(z)C D, for n > N. Let us denote
by Va(z) the largest plurisubharmonic minorant in D, of the function —logdp,(2).
From theorem 1 follows the equality

Dyyy = U [z [le"— 2| < eXP(—Vn(z))] .
Then for each z e Q(z,) a,nd.b for n > N we shall obtain the inequality
| logdp,(#) < Va(z) < —logdp,(2) .

" The extreme terms of this inequality tend to —logdpe(2), therefore there is
~in Q(z,) the limit of the sequence {V,(2)} and we have the equality

lmVa(2) = —logdps(2) for zeR(z).
n—>0o .

But the function LimVy,(2) is plurisubharmonic in £(z), and consequently
the funetion —logdp.(2) is equally plurisubharmonic in Q(z,). Since the point
%z, was chosen arbitrarily in domain D*, then the function —logdp«(2) is pluri-
gubharmonie in the whole domain -D*, what means that D*-is pseudo-convex.

§ 3. Taylor’s Second method ([13]). Although the idea itself of the
theorem 1 is quite simple, its application in practice proves rather difficult,




for no easy methods of determining the largest plurisubharmonic minorants
for the given continuens funetion in the domain D C C* have been found so far.
Thence arises the problem, essential for the application, how to modify. Taylor’s
" first method so as to reduce, at least in part, the practical difficulties above
mentioned. For this purpose let us consider the analytic plane a: 2 = 2+ Aa,
where 2, and a are points in C™, and 1 is a complex parameter. Let us- denote
by D, the common part of the plane a and the domain D, and by v(2) the function
o L v(2) = ~logdp(z+Aa) | |
‘where dplz,+ Aa) is the Euclidean distance of the point z,-+ia belonging to . .
D, from the boundary of D. Let V,(4) denote the largest plurisubharmonie
~ minorant of the function v(2) for 1 belonging to such a set in space ot for
which 2,4+ 4a ¢ D,. We shall prove the following R ‘
Theorem 3 (Taylor [13]). Bvery function f(z) holomorphic in D is holo-
morphic in DU DS, where ' : - R

D = U [¢'+ I/l < exp(~Vu(A)]

Proot. The function V*(z) defined in §2 restricted to D, is subharmonic. R4
Therefore we have _the .inequality :

V*z,+Aa) <Vo(i) for 2+ AaeD,.

It follows from (1) that

— lOng(D) (Zo + 1a) < VG(Z) s
i.e. o |
dpp) (2 +Aa) > exp(—Va(d)) for z+4a eD,.

This inequality, like in the proof of theorem 1, closes the proof of theorem 3;

Now arises the question whether it is possible to find an ab most denu-. .
merable set of analytic planes of the property that the sequence of domains S
{D,} obtained by applying theorem 3 to them permits to construct envelopes
E(D). The answer to the question is in the affirmative and is to be found at =
the end of § 4. L BN

4. Bremermann’s method ([7]). Let D be further on the schlicht domain .
C C", § a simple connected and bounded domain contained, together with
" boundary T, in D and situated on the analytic plane a: 2 = %+ /e in C". Let
us denote by yx(A) the function holomorphic in the set I'C C, for which 2z,+ . -
+a € 8, continuous in I'U »?), and x(4) # 0 in I'U y. Most important for
Bremermann’s method is the following ' .

1)’ y denotes the boundary of I







