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-,On a certain question for the lmear comhmatlons of the elgenfunctlons
. in the Sturm-Lloavnlle problem .

In this paper a generahzatlon W111 be given of a certain proposlmon iy
about zero points of the linear combinations of eigenfunctions.
1. Let us consider the problem of eigenfunctions for the equation:

 .;_\(1) IR N L{u]42e(x)u =0,

" where

Llu] = [p(@)u'(@)] — ¢(@)u (@),
- with boundary conditions S

(1a)  au(e)—au(@) =0,  Bu(d)+pu(bd) =0
“at the end points of the-interval

@ a<m<bAwhere a<b |
a,, a,, ﬁl, /32 bemg constant non- nega.tive ‘numbers fulﬁl]mg the condmons
gG+a;>0 and ﬁf+ﬁl>o

Under the &ssumpmon that the functions ol{e)y>0, g{z) >0, p(z) >0 are
continiious in the interval (2), there exists, ag known [2], for the problem @y, -
(1a) a sequence of elgenvalues : ‘

L (3) ‘ Sh<lg<ly<. 117112.,, o0
' ~ : . mfoo |
 and [3] a kequence of elgenfunctlons of class C! in the interval (2)
(4 ' '“1(93)’ Up() 5 Us(),4 .- \

‘Moreover, the function ua(2) has in the interval (a b) exactly n—1 zero pomts
" which are not zero points of its derivative. ‘ . C
We shall establish the following: - ‘ =

e | Theorem. Every linear combination of ezgenfunctwns (4) of the form
3y @) = emum(@) + ... dorun(®), m=m =1,

- Cmy «--y Cn Teal constants, o . +c,, > 0, has in the interval (a, b) at least m—-l
and at most m—1 zero pomts :




e

4

2. To prove this theorem we sha.ll prove the follomng lemmaS'
Lemma, 1. If: '

1° f(x) and g(x) = p(x)f'(x) (where p(w) —_ contmuous and posmve‘ in {a,b>)

: are of class C! in {a,b>,

2° f(w) fulfills the boundary conditions (1a)'for a, = 0 or f; =0,
3° f(x) £ 0 n (a b),
then there emsts_a point n € (a, b) such that h(n)-f(n) < 0, where

6) h(w) L[f()] -

Proof. We establish the proof in the case when B, =0 - the proof in the
cage a; =0 is analogous). If g, =0, then f(b) =0 by (la). Assuming that
-f(z) > 0, then f(x) in the point & fulfills one of the following conditions:

1° f(a) = 0, 2° f(a) > 0 and f'(a) > 0, 3° f(a) > 0 and f'(a) =
It is easy to see that in every one of the cases 1° 2° 3° there exists a point
< %, < b such that f'(x,) =0 and f(ap) > 0. By f(%) > 0 and f(b) = 0, there
ezusts a point @, < @; < b such that f'(z,) < 0, or else g(z,) = p(x)f (z) = 0,
g(zy) = (%)]‘ (#;) < 0. Hence

9(5”1)“‘9(-’30) <0.
Xy — T,
But from the mean value theorem

g (@) —g(x)

"
,— 7, =¢'(n) ,

~ hence g'(n) <0 and f(n) > 0, because #, <y <z, <b. We have then h(zy).

C =g'(n)—q(n)f(n) < 0. The inequality %(n) > 0, when f(2) <0 in (a, b), can be
- obtained arguing as above, in appheatlon to the function —f(x), which gives
—h(n) < 0, and this proves lemms 1.
Lemma 2. If the functwns f(z) and g(w) = p (x)f () (where p(x) is oontmuous
and positive in {a, b>) are of the class O in <{a,b>, and if for certain points
M1y Yy N Of the interval (a, b) the relations 9, <y < ng, h(n)f(ny) < 0, h(na)f(na)
< 0, f(y) = O hold, then there exists at least one point & € (171, 7s) Such that h(¢) =0,
where h(z) is defined by formula (6).
Proof. If f(m) > 0 and f(#y) < 0 or inversely, then &(n,)h(zn,) < 0 and the
- asgertion of lemma 2 follows immediately from the continuity of the function
h(@). If f(p) >0 and f(n,) >0 (f() <O and f(n,) < 0), then there exists
a point 7, <, < 1,, in which f(z) attains a local non-positive minimum
(a local non-negative maximum). Let us suppose that f(z) attains in z, a local
non-positive minimum (the proof is analogous for the case of a non-negative

maximum), or else f(x)) <0, f(x,) =0, hence g(x,) = p(@)f(#,) = 0. Let

{we}, b = 1,2, ... be a sequence of points of the interval (a, ) with the pro-
perties:

limae =2, @>a [(@)=0 (k=1,2,..).
ki .
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Such a sequence exists ewdently, because f(x) attams a minimum in @,. As
g(mk) =0, then -

e, e
mk—uwo .
hence .
" lim 9@ —9(@0) _ iy S o
: kfco Tr— Ty v
and o
m (@) = g'(@0)— g (@0)f () =

The assertmn of lemma 2 follows from (7) (because h(m) <0 and h(n,) < 0
as assumed).

- Lemma 3. If:
1° f(z) and g(x) = p(@)f'(@) (p(x) — continuous and positive in {a,b)>) are
bf class C' in {a,b>, : .

2° f(x) satisfies the boundary conditions (1a),
3° f(z) has p zero poinis in (a,b) (1 < p < oo), ‘
then the function h(x) defined by the formula (6) has at least p zero pomts :

tn this interval.

Proof. Let us assume for the present that 1 < p < oo and 2y, ..., T are

the zero points of function f(#) in (a, b). By lemma 1, in every interval

(@1) Bi1) 7::0:'"71’ Lo =a, Ppy1=Db

there exists a point #; such that &(#:)f(m) < 0 (¢ =0, ..., p), and by lemma 2

 in -every interval

(Miy Mir1) (4 =1,...,p)
there exists at least one point &, such that h(&) =0 (=1, 'p), and this‘

~ _proves lemma 3.

If p = + oo, then either f(x) = 0 in <ay, b> (& < a; < b, < b), and h(z) =0
in <a,, b,>, 'whence lemma 3 is evident, or f(x)s% 0 in every sub-interval of

" the interval {a, b, and then there exists a denumerable sequence of dlS]Olllt

intervals {(aa, bs)} (n =1,2,...) such that f(@) # 0 in (as, b,) and similarly
to the case 1 << p < oo, we can show a sequence of points {£&:} (n =1,2,...)
such that k(&) =0 (n =1,2,..).

Lamma 4. If:

1° the functions of the sequence {fn(2)} (n = 1 2 vee) aré of the class C* in the

interval {a,b),

2° f,,(w) tends umformly to f(x) and fu(x) tends umformly to f(m) in the tnterval
<a, b, |

3° f(x) has p zeros in the interval {a, b) which are not zero points of f'(@), when
fla) # 0 and f(b) # 0 (p < o), then the number of zeros of every function
fal®) for sufficienily large n is equal to p in the interval {a, b).
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" Proof. Let us su’ppo]se that ‘
@ Biy iy @p

are zero pomts of the funetlonf(w) in the interval {a, b). We put K min {If'(ml)l,
If'(®)); ..y |f'(@p)[}. Evidently K > 0. From the continuity of f(z) in (e, b>

it follows that for every «; (i =1, ..., p) there exists an interval 4; (4; C <a, b>).

'contaamng @; such that |f'(x)| = > «}K (it can be assumed that A, are disjoint).
Let us choose for the number yK (by the uniform contmmty of {fn(m)} and
{fu(x)}) such an N that . ‘

- ]fn(a:.)—if(m)l <yE for n>N

_and

o i) —f(@) <yK for >N

where 0 < y < {;' is chosen so that the common part of the set
E={@ye<z<d f@—yE<y f(w)-{—yK}

and the interval {a, b> would be the union of p intervals 4; C A (= 1 “yP)-

“. Now it is evident that in every one of the intervals A; there exists a.t lea.st

one zero point of the function fu(z) for = > N. We shall show that in none )
of these intervals there can be more than one zero point of the functlon fnl®). '
- For this purpose it is sufficient to prove that for wed; (¢ =1, ..., p) aznd_
n >N fu()] > 0. Indeed

- fal@)] = |fule)— (@)~ f(w)1>1f(wl—|fn(w) (@) >3E—yEK >0.

3 Proof of the theorem. It is easy to see that without loss of generality
it can be assumed ¢m # 0 and ¢, # 0. For n =1 the theorem is evident. Let
. us suppose that for n > 1 the function defined by formula (5) has p zero points -

“in the interval (a, b). From the definition of the function f(z) it follows that
it satisfies the conditions of lemma 3. Applying this lemma we get

@ @) =L@ = el [—cmum<w)+~—cm+lum+1(w)+ +c,.u,.(m)]

where h(x) has at least p zero points in the interval (a, b) As An #= 0 (forn > 1)
"and g(x) # 0 in (a, b), therefore the function ,

(10) CHE = ontalo) b (o)

~has at least p zero points in the interval (a, b) But fi(z) has the gsame form
‘a8 f(x) and satisfies the assumptions of lemma 3. Applying again lemma 3
to fi(x) we obtain the function

'1"‘“) Cm+1 um+1(w) + o —i— On'un(w)

*‘(11) e (1”) amum(m)—i—(







