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Wiestaw Sobieszek

On"the functional equation f(z) ﬁ'orgrgc (F[gﬂy),h(w—y)]+f[a(y)+b(w—?i):3}:'

The sub]ect of this paper is the functional equatlon
W o) —max(Fle(w), he— y)]+f£a(y)+b (2 @m),

' -'Where f(x) denotes the unknown function, the remaining bem.g given.-I. shall
prove that under certdin assumptions on the given functions equation (1)

has exactly one solution. Equation (1) is a generalization of the equation
‘ occurrmg in the theory of dynamie programming (see [1] and [2]) of the form

@) (@) Dlng( 9() +h(z—y)+ flay+b@—y)]) .

For equation (2) under certain a,ssumptibns on the given functions g(y) and
h(y) and under the assumption that @ and b are given numbers satisfying
inequality 0 < a, b < 1, there is a known theorem on the existence and unique-
‘ness of the solution (see [1]) In this paper we shall prove the following:

Theorem. If -
a) g(x) and h(x) are continuous for >0 and g(0) = h(0) = = 0;
b) |F(u, v)| <|u+o|, F(u,v) is defmed and continuous for arbitrary w and 'v,
. and F(0,0) =0;
- ©) if m(e) = maxmax(jg(y)], [h(u)) and oly) = max(a(y), bW,

‘then 2 mlen(x)] < +oo (c"(m) is the n-th ztemt'wn of fumction o(m)}for each z > 0

T me=0

d) a(y) and b (y) are continuous imcreasing functzons and satisfy the condztwns’

<a@) <y, O0<by) <y, ol@—y)<ecl@—ey);
\then for x > 0 equation (1) has exactly one continuous solution such that f(0) = 0.
" Proof. The proof will be given by method of successive approxunatlons

We put
filz) = maxF[g(y) h(zx— y)],

oy .
fs(m) maX(F[y(y) h(w y)]+f1£a(y)+b(w y})
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- (3) fa(w) =ma.x(F{g(y), w*y)]’}f,.;l[a(y)+b(af—y)])‘ oL,

- Function fl(w), a8 the maximum of the contmuous function in a closed mterva.l

- i8 continuous too. For the same reason each function of the sequence {fa(x)}
Tois contmuous To show the convergence of sequence {f,(x)} we shall eva.luate ‘
the n-th term of the series

@  Yike- farsla)].

fim=l

- To shorten the notation let us put
B T(w ) =Fl), blo— 91+ ala (@) +blo—9)]

I yafx) is a functmn, for which the nght-hand side of (5) rea.ches the maximum -
and 0 <y,.(w) < @, then by (3) we may write o

(6) ' fn+1($ T(fns Yn), fn+2(ﬂ’/') T(fn+nyn+1)

There may be more functions yal{z), for whwh the nght -hand side of (5) reaches' ’
the maximum; we take whichever of them. From the exfremal property of .
function ya(x) it follows the inequality . )

(M ' : . (778:.%) T (fny Yn+1) .
® T(fns1y Ynts) = T(furr, Yn) -

From (7) and (8) we get
(9 T(fs ?In+1)— T (fat1s Yn+1) < far1(@) — Fase(@) < T(fm_?/;s)— T(futrs Yn)- . .‘
Hence
‘(10) [futa(@) — fn+2(w)l <ma,x(}’_f’ (fm?ln«m) T(fnt1y :'I»+1)|,
1T {fn, ‘yn) T(fn+1s ;'ln)l)
From (5) and (10) we get A
(10) [fas(@) = fusela)] < max(|fa[a(yn) +b(@—ya)l— fn+1[a(yu)+b(<v wll,

[fala (Zlu+1) +bd(@— Yn+1)]— fn+1{“(yn+1) +b(z— %-1-1)]!)
We put

(11) un() = max|fa(e)—fari@)] (8 =1,2,..).
: 0<o<a o
By (d) it is evidently ‘
' a(z/)+b(w y) < O(y) +o(a— y) < o(y) +c(m)——0(y) = v(w) <@.
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: }émme, from (11) and (10%), we get

ay Un13(®) su;;fe(wn-

It remains to evaluate u,(z).

‘gm(w) (i) — fz(a?)l <max{]f1[a(y1)+b(w yl)]l lf:[“(y: -H'(ﬁ7 ?Iz)]l)

©0e< o<a<e(x) O<yY<z

<Dgg§x)§g§|g W) +hiz—y)| <2 ;{gl(t)max (lg@)], h(y)}) —2m[c(w)]
' Therefore , o
(13) o ui(@) < 2mlo(x)] .

X ’.l‘hus, by (c) the series Zun (x) is convergent and in each ﬁmte mterva.l

’ ":txon (1) and £(0) = 0. -

.rsolutlon of equation (1), defined for all = > 0, contmuous at ZeTo and F(0) =0.
o We have

- In the same manner as above we get

, i_’—;'et us put
oae u(2) = sup |f(&)~F (o)
’;For z =0, u(z) is eontlnuous, and u(O) = 0. From (15) we have
an u(z) < wfe(@)] . -
x Henoe, 1terat1ng we get
- (18) | w(@) < ulo¥a)] for éach n>1.

\.

< maxifl(z)! max max|Fg(y), h(z—y)]|

From (12) and (13) we get -
'(14) ~ Un(2) <*2mﬂ[cn(w)].

n=J
umformly convergent, sinee m(x) is non-decreasing. It follows, therefore,
that there exists a function f(z) = limfux(2), continuous and satisfying equa- -

‘We shall now prove the uniqueness of that solution. Let F(x) be an another

f(x) =maxT(f, y) for some function 0<y(@) <=,
I<ysec : -

F(z) =0213£T(F, w) for some function 0 < w(r)<x.

15)  [f(@)~F@)| <max (I (fay )~ T(F, ), |T(f, 0)— T(F, )]
 <max(ffa(y) + (@)~ Fla(y) +a—y)l, f{atw)~b(o—w]}—Fla(w) +
+b(z—w)])) -

~
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Pasging in (18) to the limit as n —»oo, by the contmmty of u(w) at Zero, con:

dition %(0) =0 and assumption (c), we get
(19) ‘ u(@) <

It follows ﬁ'om (19) that w(x) = 0 for each x > 0, i.e. f(x) is identical with F (). ‘
Note: The above theerem will also be true under other assumptions on
continuous functions a(y) and b(y); e. .g. assuming that

0<a(y)<y and 0<b(y) <3,

and defining : '

¢(z) = 2maxmaxfa(y), b(y)]
o<y<z .

we get

max[a(y) -+ b(e— )] < max2max[a(y), b(y)] = ¢(2) <z
o<y<z <y<z _

and the remaining pa.rt of the proof will remain the same.
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