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‘to rednce the problem in n-dimensional space to an eqmvalent recurrent

- to which the income is being=reaﬁzed, in the first, second ete. process of pro-

* 8o that the total income would be the highest. From the mathematical point

s The appllcatmn of dynaxmc programming to the solution of extremal

“variables by classical methods of mathematical analysis is often very laborious,

:*met with in practice can be relatively easily solved by taking advantage of
the general idea of dynamic programming. Passing to a more definite ex-

damental notions, let us consider the following problem.
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problems

1. The golution of extremal problems with a larger number of independent

even when using high-speed computers, and sometimes'quite impossible to
achieve. In the theory of dynamic programming (see [1] and [2]) & new way
of approach to the solution of extremal problems is advanced, which enables

equ&tlon (problems (I) and (IT)).
'In the present paper the author shows how certain extrema.l problems
planation of the general idea of dynamic programming and to certain fun-

(I) Are given: n processes of production and stock x of a eerta.in AW |
material. Let gy(2), ¢(®), ..., gu(®) be the given continuous functions according

duction respectively, when we appoint for each of them z units of this raw
ina,teria.l. The question is into what parts @, @,, ..., #», appointed respectively
for the first, second ete. process, stock x of the raw material should be divided

of view the problem reduces to fmdmg the ma.x1mum of the function of n

- variables, of the form

@ C Plagm, e m) = ) i)

lm=1

* with the following conditions

(‘2)‘ B+t tn =2, 220 (2 =-1,...,n).‘

To solve this problem let us assume for a moment that we have at our

-~ disposal only the two first processes. In this instance we must divide the

quantity # into such two parts y and #—y, where 0 <y < &, so that the total




,“~_g,(y}+g,(w—wy) reaches the ]nghést va,lue, we denot,e 1t accordmgly by f.{w);.-
For an established & it constitutes s number, but it will be convement to
conmder x as a va.nable quantity, and then

 falm) = max{ya(y)-!-yl(w y)]

- a8 the. maxnnum of contmuous functlon is a eontmuous functmn -
We now take the first three processes of produection and the same quamsity @

 of raw material. Let y denote part of quantity » appointed for the third proeassi-,‘

- of production; then the income obtained from part y in the third process will .
be 9s(y), while to the two. previous processes we appoint the remaining part
x—y of the taw material. The maximum income to be obtained from quantity .
@~y in the first and second process is fy(#—y). Thus, regardless of how y was
chosen; the total income in the case of three processes of production will be
expressed by the formula g,(y) - fo(#—y). Let us, therefore, so choose y from
‘the interval [0, ] that the total income be maximum; we denote it accordingly
by fs(x). The continuity of function fy(z) is assured owmg to the contmmf;y:
of functmn fol®), hence we can wrlte

fi{@) = max[ys(?/)+fa(w .

Reasoning analogically we obtain the following recurrent equation

(3), " ‘ -f»(w)=max{yn(y)+fn_1(w—y)] for n>2
I<y<z .

* while fy(z) = g,(). ' ' ‘
Thus, we see-that to find the maximum of ;f,,(a:) we mugb successwely fmd,
fo@), f5(2) 5 eoey fn—a(x) and the correspondent functions ¥,(@), Fs(@), ..., ¥a(),
for whieh we successively obtain these maximum values. Functions y,(:v),
- Ya(@), ..., Yn(@). will be called optimum distribution functions. .
‘Let P*(at, af, .. ,a:n) be the pomt at which (1) reaches its manmum, o
value; then . ‘
‘Df =¥ [90— “f'f]
@ Nods
' ot =a;-——2m‘," .

S i=2

To make the above advanced method more clear let us consuler two examPles
Example 1. Let o

e falz) = max [@),2,, ..., %),
{Z150400Tn)ER .

where R denotes the domam determmed by relatlons

+w,+ +:v,,—-w>0 @ =0 . (z—l 2,




Eor ‘" -2 t‘he pmblem comes to fmd the maximum of the product af twu"
tors w, :b, in: the domam determmed by reiatmns .

“’; ‘ : 401+@a==w>0 ‘ m,,m,

‘n’other words, quantxty x should be divided mto such two parts y and z—Yy
) ;that produet y(v—y) rea,ches the ma.ximum value in respect to y € [0 .'v] ie. -

fs(w) max[y (o~ :ll)]

f.'(w) = max{'yfs(é?—y)] , -

: where*y playa the rdle of variable xs, and w—-—y =@ +w, In general we verify
N i}hat forn>2

» fn(w) max[y- f,.-l(w—:y)],
: .whne fi(z) = a. |

* 'Using the latter formula we get
| o) =2, o) =2

‘"”By‘ (4), the pomt P* has the cooidinates (afn, afn, .., ain).
- Example 2. Let '

fa(#) = min Zm” (p>1),‘

(®1ses2n )R fa]

; whare R 13 a domain determined by mequa.litles

Zw; -a:>0, >0 (i=1,2,..,m).

RESH

The problem of finding the minimum of fa(a) is equivalent to the solution °
.of a recurrent equation of the form - '

fa(@) = min[y? +fu_s(@—y)] (n>2),
o <y ‘ )

B . Where f,(#) =a». For n=2 we have

| ) = mm[yv+(m-— y)].

Dlﬂerentlatmg the expression in the bracket with respect to y, we find that

. the minimum of f,(x) is reached on curve yg(w) = 2/2, and hence f,(w) = 2. (xf2)p. R

& In general we obtain

®
np-1"

galo) =, and vf;.(w):'_‘=n(§)" =
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2. In pra.ctma;l problems,’ espeemlly in econexmc and techmca.l ones it is
often necessary to find the extremal value of a function ¢f » variables at’
certain conditions limiting the freedom of independent variables. Many prac-
tical problems are for instance reduced to divide a certain quantity « into
such » parts -that each of these would not exceed a number given in advance
and that-a certain function given in advance would reach its extremal value;
these restrictions can be imposed e.g. by technological conditions: of some
process. As an example let us consider the following problem (see [3]).

(II) We have to perform n economic tasks Z;, Z,, ..., Z,. To perform each
of them material M, is needed, which in an arbitrary part or even entirely
can be substituted by another material M,. ‘The law of substitution, deter-’
mining for each replaced quantity of material M, a quantity of substituting
material M, is determined by technological conditions of the realization of -
the given task, and may be different for different tasks Z;. Let #; denote for
each task Z; (i =1, ..., n) the quantity of units of material M, indispensable
to perform task Z;, when for the performance of the latter £; units of material

_ M1 are used. We assume that », is a known function of variable &;; let us write

it'in the form #; = f,(é,) and assume that (for ¢ =1, ..., n) fi(&;) is continuous,
decreasing in the interval.0 < &; < a; (a; > 0), and that fila;) = 0, f(0) = by > 0.
Let (x,y) denote the plan of production of both materials in quantities cor-
respondingly equal to # units of material M,, and to y units of material M,.
Plan (x, y) will be called admissible when the planned quantities of materials
can be so distributed between the particular tasks that all of them can' be
performed and that there remains no unutilized quantities of materials M;

and M,. More exactly: plan (z,y) is called admissible plan of production of -

materials M; and M, when there exists such a system of » numbers El, oy én
that the following conditions are fulfilled

0<E<a; (E=1,..,n),
' w:ZE;, ?!'—‘Zﬂ(&%
) i=1 i=1

It follows from the definition that each admsmble plan (2, y) fulfils the system
of inequalities

n
'AM@
.

0<o<a ' where a

-,
I
S
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0<y<b where b=

. ! 1)
From the practical point of view it is important to know the boundary of the
domain of admissiblé plans; e.g. when minimizing the costs of production
of materials M, and"M,. To construct up the lower boundary of the domain







