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On zero pqmts of the linear combmations of the elgenfunctions in the
Sturm-Llouville problem

In this paper a genera-hza.tmn will be glven of a certam proposltlon [1]
a,bout zero points of the linear combinations of eigenfunctions.
-1, Let us consider the problem of eigenfunctions for the equation

‘ \ ) -
a .. o L[u]—|—2.g(w)u =0,
where . ‘ ‘
L[%] [p(z)w' (®)] —g(@)u(x),
with boundary eondlmons - ‘ ‘ o
@ - au(@)—aw(e) =0, Aud)+awd) =0

at the end pomts of the interval <a, b). a,, as, By, Py are real numbers fulﬁllmg
the conditions: of 4 a3 > 0 and ﬁ2+52 > 0. Under the assumption that the
functions o(z) > 0, ¢(x) > 0 and p(2) > 0 are contmuous in the interval <a, b)
there exists’ [2] for the problem (1), (2) a sequence of elgenvalues

\11<12<.13’ Ve llmlﬂh—‘- [eo]

and [3] a sequenee oi elgenfunctlons of class O in the mterval {a, b)

(3) - ul(m,ug(w),ua(w),....,

The funetlon un(a;) hag in the mterva.l (a b) exactly n—1 zero pomts, which
are not zero points of its derivative.

Under the above assumptlons in [1] there is given the proof of the following
theorem: E'oery linear - oombmatw'n of .eigenfunctions (3) of the form

4) f(w)—"cmunu(w)-% ctepun{z), n=m>=1,

Cmy +ery Cn TEQL constams, cm—}- —1—0,, > 0 "has in the interval (a, b) at least m— 1,
and at most n—1 zero pomts The proof of this theorem is based upon the fol-
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. where h(@) = E[f{@)].. -

| has P (1 < p<'oo) zero points in the interval (a b), thm tbe fmwtwn h{x) m
- this. mtmaal at least p zero points. ! .

:uiﬁlfs tlw boundwy oondmom 2) fbr a, = 9 wiﬁ, 'y
b) them; er owigts POW @e(ﬂ, b) : h_iﬂm h((‘)f(f) <0, .

am:f(m);éom '

Lemma 2. If the fummms f(:n) fuljtus t’he*bomadary ctmdstwm (2), f y) a()

‘ (a<y< b), Ha) # 0 ¢n. (a, ) gnd in (d,d) (a<c<y@§<b); A <0

and h((:,)f(i,} <0 (a< & r:. o, d << b), tk@m thm' e:mstx at loaat one pvm;t
£ € (61, 8y) such that h(f) o
Lemma 3. If the fummdn ,f (w) which fulfdls ﬂw bcmudafy conditions (2),

Lemma 4. If the fumcons of the saquem {f;(w)} are: of 6laxs 01 in the m—"‘":
terval (a,b), hm (@) =), hm}'u(w) 1) %mfwmly’m <a, b>, f(z) has p -

@< oo) zero pomta in the intmal a, b) ‘which are not zero poinis af 1) and.
‘f(a) 0, f(b) # 0, then jor suﬁwwmly lm'ge n the number of zero poinis of . eemy

‘ fumtwn Iu(@) in the interval (a,b) s equal to.p. .
The purpose of the present paper is a, generahzatmn of above theorem.
U’nder the additional assumption that p(w), g(x), e(2) are of class (" in (a, b)

-~ we shall consider zero points of f(a:) with its multiplicity: r-tuple zero w:ll be' s
, counﬁed 48 ¥ Zeros. '

2.' We shall spéali that a function f(z), of class C! in a nelghborhood of

; 5 pomt w.,, has in @, zero of order N, if

1 (%) ==f' (%) = *f‘” “Nz,) =0, f‘”’(%) ?ﬁ 0.
Lemma B. If the Jumctions f(a:) and h(m) L[f(w)] hawe the finiio number

- " of zero points in the interval {ay b) cmdf(w), of class C= in (a b), ab n %€ (a, b)
- gero: af order N N>2 then -

\}.

(5) o ,_.hmw -N(N l)p(gs..)>0
S mme f(@)

,The proof of t;lns lemma is lmmediate

Lemma 6. If the functions -f (v} and h(a:) =LU(w)] have the finite number
of zero points in the interval (a,b), f(x) of class 0= in (@, b) has in zq e (a,b)

-~ 26r0 of order N (N >1) and there emists poinis c, cmd Cy such that §, < 3y <&,

and h@i)f@i} <0 (¢=1,2), f(z) #0 for ; <z <y ond 2 #%, ﬂum the fune-
tion h(wx) has in the interval (£, C,) at least N : zeros

Proof. We shall distinquish three cages: 1)y N =1, (2) N = 2, (3) N > 2.
For (1) the thesis of lemma follows from lemma 2. For (2) from (5) it follows,

‘that h(x)f(x) >0 in any neighborhood of point x,, however at the points ;:

h(Z:)f (5} < 0 {¢ =1, 2), hence in the interval ({,(,) there exists at least two

Z6ero pomts of funetmn ‘h{x). For (3)from (5) it follows that the function A(z) |
K :ha& in a:o zero of oxder at least N -2 and h(@)f(x) > 0in any nelghborhood Qf z.. o

N
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has at leaét-one zero pmnh R RO T T T
Lemmya 7. If the function f{w) of olasa G"" wm (a, b) mtu,fws ﬂm beundary

~ conditions (2), j(w) has. in (@, b)p (1< p < oo) zero points of order Ny, ..., Ny

respectively, N; + +N ——s, tken the fmwtum h(a}) ha,s ‘in the mwrval (a. b) B

-at least s zeros.

Proof. Let us assume that s < /so. a,nd let By < O < e < Bpoy < Wp- be the
zero points of. i(m) in the interval (a, b). By lemma 1, in every interval (a, 2,),

(@1 @)y ooy (Tpay, @p), (@p, b) there exists a point ¢;, such that h{&)f(L) <O
{E=1,..4p +1) If h(w) has a finite number of zero points in the interval (a, b),

then from lemma 6 in every mterva.l (%15 Lis1) h(2) has Ny zeros (i =1, ..., p).

If 8 = oo, then from p < oo 1t follows that at least one of numbers. Ny (i =
L p) s 1ﬂﬁi11te Let Ny = oo (1< %< p). Then either ‘h(x) has a infinite

number of zero points in the. mterVal (a b) or h(x) has a finite number of zero

_points in the interval (a,.b) but then from (10) m has at the pomt x; zero of

an infinite order. ,

3. Theorem. Every linear combination o,f ezgmfunot«ms (3) of the jorm 4
has in the interval (a, by at least m—1 zero pomts and at most n— 1 zeros (?-tuple
zero is counted as 1 2eros).

Proof. Without loss of .generality it can ‘be assumed o %~ 0 ‘and es # 0.
Forn =1 the theorem is evident. Let us suppose that for 7 >1 the functmn f(w) ‘
defined by formula (4) has in thé interval (a, b) p zero points of order N,,..., N,
respectively, N, + ... + N, = 5. By theorem cited in the Section 1 p < n—1 < oo,
hence the functmn j(x) sattsfles the assumptions of lemma 7. From thls we get
that

~ L(f(o ]«—a,,e(m[ (@) . +c,,u,.(w)]

has at least s zeros in the mtervaJ (a b) As A4 #0 (for m» >1), therefore '

hiz) = [2“ cmum(mH +%"»(w)]

has in the interval (a, b) at least s zeros. But fi(x) has the same form as f(z)
and satisfies the assumptions of lemma 7. Applying aga.m thls lemmsa to ,fl(w)‘
we obtain the funcmon '

AN

fa(w) [Am} cm”m(m) + [1"2; r0m+1 Umi1(T) + ... + on'um(iv)

Proceeding thus further we obtaln an infinite sequence of functlons 7

(1r) . T f(w) fx(w) fs(w), ‘
for which the number of zeros does not decrease with the increase of the mdex
Now o . :
k. "N -
12 ) = [22] emto) +[ 2] s i) 4+ ntale)
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We have 0 < Afds <1 for s = m, ..., n—1. For fixed n the functions u(x), uj(x)
are uniformly bounded in <@, b). Hence the sequence (11) and its limit e, u,(x)
for %> oo satisfy the assumptions of lemma 4. Considering that the fanction
Cntn(#) has n—1 zeros in the interval (a, d), therefore applying lemma 4 to
the sequence (11) and to any closed ifiterval <4, B) included in (a,b), for
which zero points of the function us(z) are interior points, we obtain the ine-
quality s <n--1. The proof of inequality p=m—1 is to be found in [1].
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