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On the asymptotic eipansion ;6f functions
, Sy

Denote '
v Pal@) = a0 @+ Ayt ot aua™ w=0,1,..,
~ We say that a series = _ |
RO , ‘ « 2 a2t
' Co 1=20 ) _
is an asymptotic expa,nionkof a fuhction f(x) defined for x > 0 if
@ lmf@) =a, lm/O72a@
2—0 &

= Ap %=1,2,,..

In the present paper we give the solution of the following problem of prof.
T. Wazewski: Let (1) be an asymptotic expansion of a function 7(x). Does

_there exist two regular functions h(x) and g(x), g(z) < f(z) < h(m), which have
- the same asymptotic expansmn’? ‘We shall prove the following

Theorem. If a function f(x) has the asymptotic expansion (1), then there are

two functions h(x) and g(x) and a number a such that g(x)< f(x) < g(x), g(x)

and k() are of class C' in the interval <0, a> and have the asymptotic expansion (1).
Proof. From (2) for sufficiently small 3’ it follows

B (3) ) ‘ - f(w)_pn-l(x) | (l) .

povy <a,+1, 0 <z <
Put . ‘
From (3) we have C '

(4) T f(®) < wa(w)  for O<w< .

* Since

() — Wnpr(2) = 21— an+1+1)m)
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, for sutﬁc:enﬂy small

NS wn(a’)*wﬁz(ﬂ’)>0 0<w<“a;,, .‘ D .
‘i‘ikewis‘e' S I :
) @) -wha@ >0 for 0<m<mﬂ" i
6 | wﬁ(w wn+1(w)>0 “for_ 0<m< 0 7

‘when 'z} and w‘" are sufflemnﬂy small. 'I‘here exists’ mﬁf’ suoh that

,'(7) ‘ —é—l—<wa(w)<al+§- f 0<m< ‘5’.

We defme ‘ _ L .
R | ok = min(aly, wﬁf?,-‘w&f‘? wﬁ.",wifla
Letbe' ‘ e _ AT , .
0 <wn < @y . Ynlw, ‘Un) ﬁ*wé(mn)—ww’z%l(-’”h)(@"'%)'!'wn(%)“‘" Wnta(2) .

The straight line T'a(2a) given by the equation y = y,.(a:\ m,,) is tangent to the

. CUTVe ¥ = Wn(®)— Wn1(T) at the point @,. - .

From (6) it follows that the polynomla.l Y = wa{x)— w,H.l(w) is convex in

the interval <0, 2">. In the interval <0, z,» the tangent Ty(wa) lies therefore -

- below the graph of this polynomial. By g4(x, #;) we denote the function whose | E

: graph_ (Fig. 1) in the interval <0, Zn) -consists of the seginent <0, w,>40f @ ‘axz‘s, -

Fis1

of a segment of cx:rcle tangent to the ‘z-axis a.nd to the ta.ngent Tn(w,,) and of
a segment of Tn(a’u) We do thls 80 that "

/ c,v,.(a: w,.) < w,,(w)—w,m(m) for 0 <x< [
: "From defmlnon it follows that f,.(m, x,) is of class C‘ Moreover
T e < ul=, ) < %(wn,w») — wh(tn)— whia(an) . S
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' We é&hne tha sequanoe "ao;.-}tasﬁiidﬁéﬁ

. Iz‘gt'

o= min(wl,m:,wo, wa—lnnn(w,.,wm) n=4,5 e

It IS easﬂy to 8ee that

SRS

(9) A 0<m’”<w‘l@“11 wn<-’=vnyv lilpw,.:——o,

»h(O) = %y (3’) == wn+1(-’3) +‘Pﬂ(wr m,.) fOi‘ re <97u+13 w,,)

. From (9) we deduce ‘that the function h(z) i defined in the mterval 0, %)
.'We shall show that the function h(z) satisfies the thesis of the thsorem

For x e <m,,+1,w,.> from (4) and (9) wé deduce R ) o )

’w'n+1(w) > f(w) ’ ‘Pl(a’ ). wﬁ) ? 0,

(59) > f(w) for , Te (wn+ls wﬂ>

-From this 1t follows that the mequahty

(10) T h(a;)>f(

,haldsmthemterval(O w,> o B ,  o -

Smce for' mE(ﬂ’n-{_], L , -
’ | Pal, Tn) < 10n(2) — 0n41(3)
therefore in the mterva.l <:p,.+1, xs)> we have
‘ S I h(x) <wn(w) n --3 4, .
S_i}ll@, for 0 <o <®pya .

‘wn+1(w) > Wp+2(X) > wn+a(93) ‘

therefore by mductlon we have

) (@) >h(z)  for O <T<Tpyz M= 1,2,..
' i

From (10) and (11) we have for 0 <@ <Patz - i _ .
f(w)—p,,.-l(m) h(m) pﬂ_l(w) Wnsi(@) p,.,_l(a:) o olE _
e B g ves.

‘and because _. TR ,

. 1@',‘w—*r———-—-————"‘ﬁ(m) +'%_1@ = lim (dn + (@41 ‘+1)“’)‘ = Qn 3
hence - | | o
(12 i MO = Pas(@) poste) = an.

R o L m"’ ) .

From the mequahty fl) < h(w) << wy(x) (0 "w < -'33)1 and from E‘f"’a(”) =
it follows that ‘ 7 o / '
(13) - 'limh(w) = @y

. o AT L B N -0 .

N ) ;



From (12} and (13) 1t follows that k() has at. the pomt 0 the a,symptoi;m ex-
pa,ns,lon (1). Since. the values of h(z) on the common ends of. the intervals
{Zps1, Tny 3DA {Bn, Ta_1)>, n =4,5,..., are equal, k(x) is continuoug in <0, z3).
The function h{x) belongs to the class Clin (@41, 2,> and since

h+(wﬂ) = 'wn(w”)" “(n) = Wnia(@a) +W;1(a7n)—‘wn+1(wn) = wn(mn) n - 4,5,...
h(x) is a function of class C! in the interval (0, 2,>. We have

h(0) h(@)—ay

h’(O) i M=) i MO =8
. >0 X *—0 @x
In the 1nterva1 {®yr1y Tpy Trom (5), (7) and (8) we have e

0L 99n(a7 Zn) < Wp(%n) — 'wﬂ+1(wﬁ)7

1
ay— 2"’_{_2 < wn+l(w)4‘¢‘n(w a’lﬂ) <a1+n+1’
1

al—m < [/ (w) < a1+

1
n4+1°
Likewise, for © e (Tpi1k+1, Taik> We have

- 1
- "SR+ 2
therefore

1
< (@) < @b prny s L0
1

M T o2

1
< W (v) < a;+ m .
This proves the, contmulty of hx) at the point 0.
The function —f(x) has the asymptotic expansion

o0

(1% D (—anat.
L.
. Hence there exist a function A(x) and a number Z; such that kh(z) > —f(x)
in <0, %>, h(z) has the asymptotic expansion (1*) and h(x) is of class C.
Let us put ¢(z) = —h(z), @ = min(x,, 7;). It is easﬂy to see that the func-'
tion ¢(x) satisfies the thesis of the theorem.



