‘On a system of diﬂmmﬁalequaﬁons

1 \In the papers 1] and [2] Z. Butlews]n eonmders & system %of socond v

'_order hnear (hfferentlal equations . o R
@ o a =y, ¥ '=Ae, |

| where A(t) is .eontmuous ax;d posmlve for t > 0. Upon passmg ﬁo pular coordi- e
-nates r(t), ga(t), where vl L ) T

PO =VED 9D and () =rityeosp(d), 'y(t) ~.-="r<t)sin¢('t),v

(0) yields R TI
B e o P
W (1) _ | =r<P’-“ @) =4, = 1

For A:his system 7. Butlewski proves the follomng ‘theorem:
e Asswme:hatA(t) =0, A (t) > 0 (or A(8) < 0)fort>0amlhmA(t) =a>0

Mormer the }'ollowing tmtml condilions are satisfied: r(O) >0, 7(0)>
¢'(0) 0. Then there exist the limits of the fzmmom r’/f a»d [ jor - 0. tmd
hm r"(t)/r(t) = hm @ (t) = Va2

We shall sta.te a more general ﬁheoremf To thls purpose we' shall conmder o
TR ‘the. following system of non—hnear equa.tions C

. 3(2)" . o u =:='vz——'u13 o= (t) 2'wu ‘
" and we shall’ prove the following: » e o B
‘ Theorem 1. Assume that A(t) is conumwus, posm‘vs foé' t=0 m;d hmA(t)

- =a>0. Than all tmyeotorws u = u(t), v =v(t) (u(0) > —-v({))) of ﬂw systom (2)
- tend to the point u =V a/2, v = Va2 when t— co.

"From the theorem 1 it will follow, as simple eonelus:on, the followmg
~ generalization of theorem of Butlewski:
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The characteristic roots

About the sy&éem (1) we assumethat A(t) is commuous, posztwc; jort ;»:, O rmd :
hm A(‘t) =a>0. Then for every tm’ectory = r(t), qa ol ) of thv,s s'ys'tsm.

. such thait r(0)>0, 7(0) >0, r (0)/r(O)+¢ (0)>o we have -

- Ty Emr(t) ~jm ') - D

Indeed from these assumptlons it follows that r(t) > 0 for t 0 ([17; p. 97).

“Betting u{t) = #'(H)fr(t), o(t) = ¢'(2), (1) yields (2) and moreover all assumptlons
- of the theorem 1 are sa.tlsfled For ‘this- rea,son it remains to pro;ve the theorem 1

only. ' VA :
2. We sha.ll ﬁrst consuier the reduced autonomous system

i
- .

. " - B i ’ :;'A\
& wmeew, o =a2w

‘obta.med from (2) by subsmtutmn ‘of the funetlon A(t) by its hmrt value a. -

This system has ‘two critical points: A(V a/2,Va/2) and B{— Va2 af2, -——V a/2). We. ..

study the character of the flrst of them. The transformatlon ‘of coordma,tesl o

- carries the crltleal pomt A to the origin a,nd reduces the system (3) to the

followmg one

(3" ,y=—~2]/ u+2‘l/ v— u2+v2 f‘e’= l/u 2]/ v 2uv.

For smlphﬁca,mon of notation we use again the prevmus varlables Uy, mstead‘ .

of %, . The first appromma,tmn of the system (3') is the linear system

(3‘")" ‘;—_2]/u+2]/v, v = Vu 2V

The characteristic equatlon for (3”} is-

' ;.2+4]/1+4a~.0
,11_~2]/§~2¢ 50 /12:—21/ +2z]/

are complex. numbers ‘with- nega.tlve real parts. Therefore the pomt (0,0 i -
local stable focus for the first ‘approximation (3'') and also for system: (3)
([3], ch. IX). It follows that the critical point A is local stable focus for the

-

~system (3). In the same manner we may study the charaeter of the seeond

critical point. This shows that the point, B is local unstable focus for ‘the sys~

' tem (3) Thus we get the following property



c @9 Atl tmyectomos of ihiz .system (3), whwh ame gmng out from mfﬂmenﬂy' Co
amall: vicinity of critical point 4, are ténding to A as t— oco. :
(b)Y AU trajectories of- the system (3), which are going out “from wffzmmtly.
small vicinily. of .eritical point B, are dending to B as t—— co. .
. 'We shall prove the following stronger property: . . I
S (a) Al tmjeetarws of the. system (3),. which are. gomg out’ from the half-plamea
u > —9, are tending to the point A as t— co. :
. (b“} All tmyeetomes ‘of the system (3), which are going out ;from the hwlf plane
L <—w, are tending to the. point B as t— — co. '
Proof of (a,) It sufflees to find a fanuly of closed curves

: e ’V}: V(u w)—c, ca(a B)
such that: S .
1° the function V (u, 1:) is deflned and contmuous in the half- pla,ne %> -0,

 2° if ¢ < d then V, is contained in the interior of Vy,

3° the curves V., a <6 < f, cover the whole half-pla.ne S -,

4° the curve ¥, reduces to the point A,

5° for every tra,lectory u-uu(t), v _'u(t), u(O) >—-v(0), of  the System {3)
the funetlon . .

. 'c(t)..= _ (u t),'v(t)} :

tends to a when- {—> oo, o ,
It is easy to show that such family of curves for the system (3) is, for ex-

a.mple, the follomng family of clrcles {Fig. 1): ‘ , ‘

: v”—}—u‘-‘—i—a .
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