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Integral formulas for functions holomofphic in convex n-circular. domains

1. A domain D in the space C™ of n complex variables z = (2, ..., 2s) n > 1,
ig called a complete n-circular domain (with centre at 0), if along Wlth arbltrary
its point 2° = (4, ..., zn) D contains the closed polycyhnder {22 |2) < EANE
k=1,..,n}.

Let 4 be the (n—1)-dimensional simplex

1) A=t = (71 e, Ta)i Gt et T =1,7> 05 0 T > 0F

We shall say that a bounded domain D in C" is of the type (T) (or simply D € ('I.‘)),
“if there exist positive real functions

(2) } rkzrk(r) k?l,..,’ﬂ

" defined and continuous for v € A such that

3) L D=Umlal<nm, k=1,.,m)
and o | o

' _ Tk .
(4) - D= ‘ interior of ’OA{ ; ) 2] < 1}

If D e(T), then by (3) D is a complete n-circular domain. Moreover the
set 8 = {2: 2 = ri(r)expiby, 0 < 0 < 2n,k =1, ..., n} belongs to the bound-
*ary oD of D. There are domains D e (T) for which 8 is smaller than 9D (compare
examples 3° and 4° below). o

Observe that

(5) A={ti7, =1—Ty—..—Tn, (Tay e, Tn) € 4%},
- where _ \ ,
(6) A* = {{Tyy ooy ): 0< 7, < 1,0 <7 <1 =7, ey, 0 < Ta < 1—Tg—.o—Tn_s} -
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Grve:a any fanetion f holémorphm in a domain D < ('.l!) contmtmus in 1) C’S
along with' its {)amal deriva}‘reg of degree <4 pni;

m Rl ) =1 e, ,gr,.e ), A
“8) me(m-kmwatm, E=o, ,n-;zj'
T Where ICI 1 (h< B <o (k=2,.. .m) and 7. urk(z) are funemons 42).

The gurpose of this paper is to prove the followmg theorems
" Theorem'l,. If D eAT) and if a holomorphic. fuﬂwtwn £ ond oll its partial
~ derivatives of degree < pu, where. 0 SpSnzl, are pontinuous in DU s, ihm g
forkaz(t, ,,ufam,dch : : '

o _tek—1) k- llf’k«:,r 0,
® i =T o f f dos o a,
. where o

I r(r) “Lr(r)”’”" “" +r()”""””"

!

fdw,wfdrz.dft,,,‘ fdmaA jdosfdos fdo,.a,k

and the cwcle ]¢| =1 48 o'rimted posetwdy with respect to ifs interior. , :

- Theorem 2. The moessary and suﬁwsmt condition that a bounded domam ,
DPC C‘" belong to (T) 48 that D be a convew complete n-circular domain.
~ Given any bounded convex. complete n-cireular domain D there zs exactly one
~system of funotions (2) satisfying (3) and (4). o

{ Remarks. 1. If n = 2, the mtegral formulas (9) are 1dentwal with mtegral
formulas of 'I‘emlakov, who derived them for a subset of ‘domains D € (T)
([2], p. 346—351). '

2. For a subset of dqmams D € ('1‘) in O n> 3 dlfferent but eqmvalent
to (9) integral formnlas has been proved by Alzenberg and Li Tche Gon 2y
p. 346—351).. :

3.If m =2 and ‘the beundary 2D of D besldes convemty satlsfles some
additional regularity cqndlbxons, Theorem 2 has been first proved by Temla~ o

kov. ([2], P 346-—-351) " .

‘ 2 Examples 1° LetD {z Z{!zkla<9’} Then rk(r) ]/rk, k—-—l, s ,n

2° Let D= {z Z'pklzk]<1} (pk>0 k=1, .,n) Theg. Jrk(z') = pr rk,:

3° LetD = {z lzk] < gk,k = 1, . ,'n}(gk >0, ‘k.; 1,.., n) -Thenrk(-'r) =0k,

E=1, .

o 4° Let "= 2 and D = {(zu 2): 1’1}z1[+1”alﬁ2| <1}~ {(zu 2): Q1|zﬂ +%i¢z‘<1}:
“where 0 < ;< 4, < oo, 0 <q=<p=< oo (Fig. 1). Suppose E,n >0 and _p;£+



,+:m q,£+g,n=1 Th(m S
: - 71/?1, lf ‘0’(71 <‘§p1

=r;(v-->~s-~»$ it am<u<in
71/91‘\' - lf 541 < 1'1 < 1

o (ule o 0<lon<iy
rr) =1 7 i &< 1“*”,:7':}\<.'Qi ‘
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‘ 5° Let n=2 and D= [{(zn zs) |2’1| < %, 12s] < bl} v {(31, zs) !zll < Ggy
12a] < Be}] ~ {(21, %) ¢ |21] /05 + |53|lbs <1}, where 0<a,< a<a, 0 < bz < ’b:
< by (Fig. 2). Here the functions 7,(r) -and 7,(r) are given by

e if 0<t,<a,Lag
7fT) =1 &r i ayfay < T aa,
: Ly aglay <mp<1
) (b it O<l-7<aa -
N 7y(T) byr, if  gyfay < 1“_‘-"2%0:/% A
‘ b i sy <le-7 <1,
o ld
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o 3. Proof of Theorem i, Fu'st of all observe that the nght -hand side R(z}
of (9) is well deﬁned for z ¢ D and moreover the function R(2) is hOleOI'ph]C

_in D. Next observe that due to Cauchy mtegra,l formula we have

' (n-— *— 1 o “‘F,,(C, r, e) gt _ '
I = dC = n—k-lp “"«77 0 )
i m’_fl (C u) '—k - a n—k—1 [u ]‘( ’ )] ‘

, 'Whence in vu'tue of (8)

an—-k—l s . _ ‘
.I S pun—E—1 {u"—k..l((n k I)F,c 1+ ’“—Fk 1)}
n—k . ’ . et
= gme W ] = o = T [u“-—l.Fo] :

° This implies that the right-hand side R(z) of (9) 1s the same for all k =0,
namely ‘ .
' 1 S L :
(- R(2) =—-—~—-_~‘—1J-dw ———,~[u"—1F ('u r, G)dee.'
‘ (2r)" ou"

If |}zﬁ 9, where ¢ > 0 is small enough, ‘the value of the nght -handside
of (9) does not change when we replace the road of integration |{| =1 by the -
clrcle |(] = %. However the closure of the set {2:2= (rl )¢, rofT)Cette, ...

..o, Pa(7)Ceitn), where [¢| = %, 7€ 4 and 0 < 6 < < 2m, &k =1,...;n} belongs to D.
: Smce every function f(z) holomorphic in D may be apprommated by polyno-
. mialsin 2,, ..., 2, uniformly on every compact subset of D, therefore in: wrtue
of additiveness property of integrals, this implies that it is enough to prove .
the formulas (9) only for monomials. Namely, after ‘having proved (9) for
- monomials (thus for polynomials), we shall get by the approximation proce-
dure R(z) = f(2) for llzﬁ < o. But f(2) and R(2) belng both holomorphlc in D,
this implies that f(2) = R(2) for z e D. ‘ ~
- Let f(z) be an a.rbltrary monomial f(z) = 2N o Un = m, -
m =0,1,... In this case «" " Fy(u,r, §) = u’”*"“lr"‘ r”“exp('ip262+...+-iynﬂ,;).
Therefore due to (11), ) ' ‘

1
2 )’nwl

v

R(e) = [(m4n—1)...(m+1) f e, f %met(#sﬂﬁ +u..o,.>dw

One easily checks that
' ’1%1 f Y A (m) (m—ﬂm) (ﬂl-huz) ,(Ex_zx)’” ("_nﬁ)"“
(277) : Bl \ Pn-1 | ~\ po i \T1 "n

S - |

| Ot =11, DR
R(z) W f z"f . ‘(”( —"v'L'z—'...——Tn)#d‘CU;



A tvhence-l?;(z) = ol o, because' by"(6) o ‘ R

[ —npde, —

1'*12 [ 1-‘-’:— Tl

— tiz Vo . i .<_ P H1 )u.l' ”"'
f'[gdfaf rodra..; (!, 1'5‘,(1 Ty r,.) dt"—(m+n 1)!
To compute thls mtegml -observe that (after repetltlon smtably ma.ny times
the lntegratlon by parts) ,

1—3g—.c.—Tg—

M
J z‘}‘c(l—rg——...—rk)'dtk' (—%W(l Ty %ﬁ'k’)ﬂﬁ“.
' Thus the proot of Theorem 1 is compléted. : ' '
4. Proof 'of Theorem 2. Sufficiency follows dlrectly from the deﬁmtlon
‘of (T). Before we proceed to the proof of the necessity et us make few intro-
~ ductory ob:ervatlons If Dis a bounded convex complete n-circular domain,
then to every. boundary pomt 2 (zl,. y #n) € 2D there is a suppm’t hyper- '

surface .H

Ly E- {z Zpklzkl Zpklzkl—l}

where p; = pk(z ) == Pl lzll, [z,,|), k=1,..,n are nonnegative real niumbers

and D is contained in {z Z pk]zkl < 1}. The support hypersurfaces H of ‘D

are in one-to-one correspondence with the support hyperplanes of D,, where D,.
is a map of D under the standard transformation of #- -circular domain mto
n-dimensional real space. All our further con&dera,tlons might be carried over '
* for domains. D, instead fori D.

Given a bounded convex complete n-circular domam D with center at 0,
‘denote by P the set of all p = (p,, .. ,pn) such that px >0, ¥ =1, ..., n, a.nd

{#: Z pk[zkl = 1} 1s a support hypersurface of D at a point z (zl, ey zﬁ) €dD
such that zlzg .25 £ 0 One checks that

('13) i - fv‘.D.—lnterlor of ﬂ{ Zpk]zk|<1}

~This implies that to find functlons (2) satlsfylng (3) and (4) means to fmd
a special parametrization of the support hypersurfaoes (12) of D.
It is easily to check that domains D,, v =1,2,..., defined by -
L Y ‘ n K ‘ .
(14) o ‘D —mterlor of [z { —ﬂ——lzk[ <‘1-} y








