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On some sequences connected w1th the extremal pomts d

\

Let E be an a.rbltrary metric space and E a set in R being the sum of two - .
d.lswlned compact sets E, and K. Let o(p,q) be a real-valued continuous
function of two points p and ¢ defined ih R. Suppose that w(p, ¢) = o{g, p) = 0.

Let ¢™ = (g7, ..., ¢¥) (denoted also by (g, ..., g»)) be an extremal system
of E (see (4], p. 260) and suppose tha.t n>3,v>1;n—y>1and q, ..., ¢ € B,
B SETRUTY 1% e B, Oonsuler three . sequences

2lv(v+l) . ‘ > 21 (n —¥)(n—y —1)
vi=[ [T otw w)] vi=| [l w(qs,qw] |
0<1<7c<v v+1<i<k<n )
- Vetn—) '
n (g, Qk)] ' . \
=0 k=v+1 .

 The object of the preSent paper is to prove the following
- Theorem. If the extremal medsure n i.e. the measure realising

ggfflog Brp O (WE) =1, p(B =0 i Ee=0

I

w umque and 7(E;) > 0, n(E ) > 0, then the sequences Vi, Ve, V,. are convergent.
Proof. Let d be an arbltra,ry posatlve number. Denote by ws(p, ¢) the func-

tion defined ‘by

. opi)  for w(p,0)>
(OJ(P) Q)?{ 6’ i 2,0 >0
s o , - for olp,g) <9
and consider the sequences . :
. ' 2lny+1) : ‘ 2f(n—sXn—r—1)
v = [] oda, a7, vE=] [] e w7
o<<e<h<y v+1<1.<]c<'n
' o+
vt =([T I] osiae s ]
i=0 k=v+1

To each system of extremal points ¢® there corresponds a function of the
Borel set.e defined by = } '
. 0, if ¢ does not contain any point of ¢™
tnle) =3 k&

ol if ¢ contains % points :of ¢™ .




00 > anp logwa(;p, q) ,> logw,&p, q) >iog6 Therdom due to (1)
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u -t<k<r ) : nagi,kg

= éx}’”(w +1) ( 2 1°gwa(!k, Qh)““ 2103&‘«!(9{1 .‘Ii))
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Zoxp (~—~ﬂl—)~s f ! 10800(11 q)dm(p)dm(q) ,,( +1) 2 Iagﬂ’d(%a%)""

By the similar way We can prove ‘that 1f 7 —>00 then

| x +exp{ (E ¥ f f logcaa(tp,q)dn(p)dn(q)v o
a.nd T } : ‘
Ve sy Ef Ef gty D0
. Hence . e e . S j .f_ . -
(V"‘)ﬂ "“—>0le éf J IOga:o(P«. Q)dn (®)dn(a)
@ W"’);' e *eXPIIInge(P,Q)dn(p)dn( ) )
. o ‘7 . E:E':' N ‘ ‘ . »l‘«"

(V”"’) K3 ”+‘~>exp2f f logwa(p,q)dn(p)dn(q)
oo By Ey o

Smce V"" Vn, $ m1 2, 3 and (see (2])
N -+1 CL A=y n—v—1 n—y v+1

(Vl)" nfi. (V ) n - mtl il .(Va)zT';-Tl —

0<¢<k<u

z[ H w(ﬂn ‘Ik)] : —+exp fflng(p’ q)dﬂ(p)dﬂ(q)




*_are eonvergent respectlvely to -

?Eence and by’ (1) it follows tha,t the sequences Vi, Vay V,. are comfergem;
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: 1£ 6»0, 850 by (2) *the sevquences .
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. exp f J Iogw(p, q)dn(pmn(q), exp f { logw(p,q)dn(mdn(q),

"'_ - E1E1 T Ky B .

exp Ef L[ zogwcp, g)dn (p)dn(q)
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Remark. Let B'be a complex: plane and o(z,() =|#—Z. The complemen-

\ “ta,ry sét R\E conslsts of at most ennmerably infinite number of domains One
ot them conta.ms # = oo Let F be its bounda,ry If :

t

e Mf flogl Cld;s(z)d,u H<oo, i=1,2

EF EF S ;

then (see [1] and [3]) the measure 7 is unique and y(#,) > 0, n(E’,) > 0. Hence
and from our theorem it follows that if the conditions (3) are satisfied '‘then
the answer {0 the problem of F. Leja. (see Colloquium Mathematicum 7 (1959),
p. 152) is pomtwe. If the condmons (3)- are not- sa.tlsﬁed the answer may be
negative what follows f.rom the follomﬁg exa,mple ‘
Let B, consmts of the pointg' z =0, 2 =1, 2 =2 and F, of the pomts z=-1,
s=—2 Let ¢®=(2,—2), ¢ =(2,0, ~2), ¢®=12,1,~1,—-2), ¢ =
(2, 10,—1,~2)am1ﬂn n>3 ¢M;=2 1,0,—1, mlpur—n qEntD =
2,1,-1, ey — 1) It 18 easy to-see ‘that q‘"’ defmed in this way is the

.n-th - extremal system of E and for %>3 Vi = ]/5 a.nd Vz.nﬂ =1 80 the se-

quenee {Vn} is not convergent
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