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On some mequahﬁes ities

. 1. Deﬁmj;ion 1! We ca.ll a set P ;oartly ordered [1], {2] if for some pairs of"
elements @, y € P, a relation # <y is defined, in such a way that: (a) for each

veP, v < (b) Jf w<y and y <o then a;-—-y, (¢) if # <y and y <%, then
LY.

. Definition 2. Let P be a partly ordered set and let @ C P. We call z upper

" bound of Q in P if z¢ P and if x eQ, then z < 2.

. Definition 3: We call 2 supremum of the set Q (shortly sup @) if z is an upper S

- ‘bound of @ in P and if # is an upper bound.of @ in P, then <2

% - Each partly ordered set can have at the most one suprémum,

- Definition 4. The set P will be said to satisfy the condition (I7) if the dif«
'ferenee x#—y e P is defined for eath »,y ¢ P in suech a way that (d) if = <y,
then for each z ¢ P is 22 < y—#, (e) there exists an element 0 « P, such that
for each z ¢ P is w—»()—m, (f) @ =7y if and only if x—y = 0.

Definition 5. The set P will-bé said to satlsfy the condition (H*), if for each

#,Y € P, there exists in P & = sup{a, y}. '

2. Theorem A. Let us assume that:

1. The set P .is not empty, partly. ordered afnd fulfills the oondztwm (1) and (IT *)
2. the femctwns W (x) and L(w) are defined ¢ m the set P and are such that W(P) cp’
and L(P)C P,
3. if © < L(x), then » <0,
4. if &<y, then Wi(w) < Wiy),
5. if 0< W(m) Wiy then W(m) W(y) <L(w y),
6. wis a solution of the: equatwn ;

W o eeWw
T béP 18 such ‘that:' ' . |
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© Then we have

(3) h . D e<w. .

Proof, Let 2z be the suprefnum ofvthe, s‘et {w, 'v}. Then
(4) o B L w<Ls and v<z

From (4) the condltion (¢) and the assumptmn 4 follows that -
5) 0= W(w) < Wiz) "and < W) < W),

From (5) and from definition of z as the sup {w, v} follows that z < W(z). From
the condition (d) we have , . .

s—w < W(e)—w = W()—=W(w).
Then, from (4) and the assumption 5 follows that
(6) ‘  z—w<L(z—w).

In view of the assumption 3, the inequality (6) implies that z—w = 0. Hence
# = w, what means that (3) helds.

Remark, It is easy to see that we can assume that the function L(x) is
defined only for 0 < # (x  P). It is also easy to see that under the assumptions
. of Theorem ‘A the equation (1) ean have at most one solution in P.

3. As an example we shall consider the following equatlon

(1) . | w(X) =f{(X)+ [ F(X, ¥, uw(Y)dY
. . E

- where X = {#,, ..., @n}, ¥ = (U1 ..., yn} and ¥ is a' n-dimensional set, and the
inequality ‘ ‘

(8) o(X) <F(X)+ [ F(X, ¥, 0(Y))dxX.
) SHD+] ,

Theorem B. Assumptions: :
1. (X, Y, 2) is defined and continuous in Ex B x(— oo, + 00),
2. f(X) is defined and continuous in B, '
_3 if 2 <2, then F(X,Y,2) <F(X,Y,3), s
4. |F(X, Y,2)—F (X, Y,?)| <UX, Y, [s—3|), where the ]‘unctwn WX, Y,?) is
dejmed in B x Ex(— oo, + o0) and such that, if : ~

w(X) < [ UX, ¥, w(¥)d¥
E



N
then S o
w(X) <0, " SRR

5. u(X) is a solutwn of the e_quatwn (7) in H,

~

6. v(X) is a continuous function defined in E and fulfills the ineqddity (8).
Then in the set B we have -

(14) | v(X) < u(X).

Proof. It is easy to see that the set P of all continuous functions w(X)
defined for X ¢ E fulfills the assumptions of Theorem A, concerning the set P:
Now, for u ¢ P, we define W(u) as the funetion, which in the pomt % has as
the value the pomt 2 defmed by the formula -

2(X) =X+ [ P(X, Y,u(Y))dY.
. E

By L(u) we denote the function defined in P, which in the point % ¢ P, has
-as the values the point w defined by the formula

w(X) s'fz(x, Y,u(Y))dY.
E
‘It is easy to see that the functions W(u) and L(u) fulflll a,ll a.ssumptlons of
Theorem A. Hence for each solutlon w of the equation
w = W(w)
é,nd each function, which fulfills the i’ﬁequa]ity
< W(w)

we have v < w. This means that for each solutlon of the equatlon (7) and for
each function v(X) which fulfills the inequality (8), we have

. | (X)) <w(X).

Remark. In particular we can put (X, Y,2) =K-2 If we assume .
that the function F(X, Y, %) is bounded and that K < u(E), where u(H)
is the measure of the set K, then all assumptions of theorem A are
satistied.

- 4, Remark Let us notice that we can Theorem A a.pply to the non-hnea,r
‘Volterra, s type equatlon

y(@) =f(@)+ [ Flo,t,y0)ds



gnﬂ/tlie "ihétinaﬁgy" ' L ,f“\i

'v(w) f(w)+fﬁ' (o1, v(t))dt o

) '()n that way it is. poss:ble to prove some theorenbs, analogous to t;he t;he(}rem B o
.which will contain some specla.l cases of theorems of ’I‘ Satﬁ [3] -

i
i

T ‘{ - ‘ ‘. ‘ ‘ | . e
REFERENCES |
iil
Il} G. Birkhoff, Lattme theory, ‘New York 1948, : ' '
{21 JI1.B. Kau’ropoanu, B. 3. Bynux, A. T. IInucxep, @ynxmwmwa ahatus cmn”ﬁ”ﬁo-

ueHHNX Npocmparcmsax,- Mocksa-Jlemmrpan 1950. . -
[3] T. Satd, Sur Véguation mtégmlc non Hmcme de Volterm, Oompomho Mathematwa. 11
(1953), p. 2?1——290



