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On periodlc sohlﬂons of Hamlltoman system of din‘erenm!
equatlons on the plane o

‘ 1. In this paper we glve suﬁlclent condmons for the exmtence of the penodxc .

solutions with the period o of the system

(1) o &= ——H,,(w, y)+pl(t) s Y= a:(w: ?l) +Ps(

Where functions p,(1), p.(t) are penoém with the perlod .

\ This note establishes some generalisations of the results. obtained by
Z. Opial [2], who has examined the equamon :v-HI (x) = p(t) ‘

The Hamiltonian system ,

2), I w——H(w,y), y = Hx(w ) :
has the first integral H (2, ¥). A solution of the system (2), which crosses a point
(wo, y,) of the plane is periodic -if. and only if the curve given by equat.lon
H(ax,y) = H(w,,y,) is closed.

Let us assume that the system (2) has only perlodm solutlons, i.e. that

the curves H(z,y) = H (20, yo) for.-arbitrary point (z,,¥,) are closed and that
liminf T(w,, y,} =T > 0 where T(wo, Yo) denotes the penod of solution of (2)

a'.f,-!—yo-boo

-

It will be proved further that there emsts a posmwe number wy < Ty such
that if o < w, then the system {1) has a periodic solution with the period w.

The method of proof is similar to the method.applied in [2]. In the last

part of the note a theorem ‘which generahzes Theorem 2 of [2] is given.

- - 2. Theorem 1. Assume that the. y‘unctwn H (w, y) 8 of olass C‘ and that the 4
o followmg conditions are. satzsﬂed :

- (3) - Hyz,9)2 >0 for ©£0, Hy(w,y)y>0 for yaéo
@ hm1nf(H§+H,“;) = oo (7' =a"+¢"),

- (5) BRI llmsup [H“I hmsule l<B
,(.6.). Copa(t), pz(t) are contmuous and pmodw wf,th the pmod m

I
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If the period o satisfies ineQuality ‘

4 L ATBLVATE
VA*+B: A +B-— AT B
then the system (1) possesses at least one periodic solution with the period .

By (3) and (4) a curve H(x, y) = H(x,, y,) i8 closed for each point (w,, ¥,).
To prove this it is suﬁfmlent to notice that llm H{z,y) = oo, s0 the set of pomts

(7) _ W< Wy =

{(z,y): H(x,y) = const} is bounded. Therefore it must form the closed curve.
(3) and (5) imply that liminf T(x,, y,) > T, > 0. Let us take the equation

$o+’llo">°°
H(rcosg, rsing) cosp+ H(rcosy, TSlntp) sin

) . r

which was obtained from (2) by introductioﬁ the polar coordinates (7, ¢). For
sufficiently large r we have inequality

0 <.¢ < A,lcosp|+ By|sing| (4; =A+¢e,B; =B+e)

from which it follows that

T(

dy
@0y Yo) > f Alleos<p|+B1|s1n<p|

if §+ys is large enough.

Before proving Theorem 1 the following lemma will be proved.

Lemma. Let us denote by L(f) a solution of (1) given by the funclions
x=uw(t,u,v), y =y, u,v), for which x(4,u,v) = u, y(l, u,v) = 2.

Assume that for t =1, the arc L(t) crosses the first time the ray © = us, y = vs,
(8 = 0). Ly(t) is the subare of L(f), considered for t e {ty, t,>. If (3),(4),(B),(6)hold,
then for arbitrary chosen constants ¢ > 0, 6 > 0 there exists 7, > 0 such that:

(A) the arc Ly(t) lies outside the ocircle -y = g%
(B) - : ti—1y > wo— 0, if w12 >=rh

Proof of (A). We base on the following simple property of the curve
G(w,y;q,7) =H(x,y)+gqr+ry = C (C-constant): for p >0 and fixed ¢,r
the distance from the curve G(x,y, q,r) = C to the origin of coordinates is
larger than p if the constant C is large enough.

. Let, for example, u, v be poswlve numbers (in other cases the proof is simila.r
to the one given below) and let us construct the “spiral”’ curve K which begins -
at the point (u,v). The curve K (see the figure) consists of arcs K,, .. K5
- defined by conditions

K¢ G@,y,q6,7) =0 (@,9)eDi (i=1,..,5)
where ), = G(u,v; ¢;,7,) and C; (§ =2, ..., 5) are so chosen that K is a pro-

longation of Ky, ({ =2, ...,5). D; are the parts of (z,y)-plane as marked on
the figure (Fig. 1). ‘ ’ '
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Numbers g;, ¢ satisfy the inequalities
Hz, y)(re+pa(0) >0

. (@, y)eDi . (1=1,..,5).
Hy@,y)(—gi+p:l) > 0

1=

£

Fig. 1

Since p,(f), p,(t) are periodic, they are b(_)unded‘; let us put

p= max ({p:(8)], p+(0)])
and

M =max(p|g|+plrl, -, plesl +pls), m =m‘in(|¢1+p1(t)|; vy |5+ 2a(8)] 5

|~ @ A2l0)], ey | — g+ 2a(0)]) -
From (4) it follows that there exists B such that |H,|+ |H,| > Mm for 2*+
~+y* > B? When C; are large enough, arcs K; will lie outside the cirtle %+
+9* = R? and if #(f),y(f) is any solution of (1), the initial point of which
belongs to K, then the following inequality holds

dG t', 4 ) ’ ]
4G o) y10; ") _ o), y(0) (et pa(®) + Hyfo (), y () (— s+ palt)) +

+q¢191(.t)+hp2('t) > (|He| + | H)ym—M >0 (i =1,..,5).

It is ea,sy: to notice now that the solution x(t), y () cannot enter the domain D
crossing K, so the curve L,(t) lies outside the domain D. \

D will include the eirele a*--4® = ¢? if the constants C; are sufficiently
large. Hence we can find a number 7, such that (A) holds.

Proof of (B). Let us introduce polar functions 7(?), ¢(?):

Y&, u,0)
@ty u,v)

() = {2}t, u, 0) £yt u, V)2, @(f) =arctg
@(t) is a solution of equation | | ‘

(8) @ ;—Mww -}-Msin(p—f—p#cosw—]—’—lg—)sinqn
where /
Hy(r, ¢) = Hyrcose, rsing) , Hy(r, ¢) = Hy(rcosg, rsing) .

. ) 6*

’



o Let ey be arbxtranly sma.ll Qonasants From (A) we' eonclnde ‘that. 1f
¥ +v’ r’ the;n rt) > e for ety b, A constant ¢ is s such that

(-9) le(", ‘P)I < A'*"\’?'y» 1H,(r,4p)| < B+ﬂ |
(10) . - ipa('thoswm(t)‘sin?l s .

.
for r > o a.nda.nytp. ‘ S
(9) and (10) imply the mequahty

(11) ¢ < 4jeosp|+Byfsing|, Ay =A+etn, B =Btetn.

(3), (4) and (8) imply tha,t ¢ is posltlve if o is sufficiently large. So g(f) is inver-

sible a.nd let z(p) be its 1nverse funetion. For te <to, tl> we have the inequality
d'r ' X '
dtp - 1|cos @] —l—Bllsm(p]

Integratmg it’in the: mterva.l [o, 21t] we obtain

4 111Jf11+1:‘>’1+l/zsl +B2
VAILB A, +B,-VAILB

We can choose 7o 80 large, that the numbers 4,, B, will be arbltrary close
to A, B, so the following inequality will be satlsﬂed

ty— 1, -1:(2n: )—7 0)>

C 1 A BAVITE o1 1DA+B+1/A2+B
VLB A,+B— VAi+ B VLB A+B-VA L
This inequality: completes the proof of (B).
Proof of Theorem 1. Assume additionally the uniqueness of solutlons
of (1). Let a(t, u, v), ¥ (¢, u, v) be a solution of (1) satisfying the initial conditions

z(0, u, ) = u, y(0, u; v) = v. Let us mtroduce vector flelds Co, O, (0 <t K cu) ,
by a,scrlbmg the vectors : . .

Vi) = (~Hyfw, v)+p1(0), z(u,v>+pz(0>>_

V,(u ) =-(m(t u v)—u, y(t,d,v)éﬂ)

to every point (u, ) of plane, respectlvely g
- To demonstrate the theorem it is sufficient to show that 0’ has a. smgula,r .
pomt 8ay (%, vg), for which: Vw(u,,, v5) = 0, that is - : e

a;(w Ugy Vp) = Uy = “’(0 Ug, "70) y(w oy 'vo) = "70 == ?1'(0 %oy Vp) -

For this purpose it. will be proved that the index of I' relative to O’a,, Ind(F O',,,),
is equal to +1, where I" denotes a certain Jordan curve-of plane ([1], p. 337).
~ If the field €40 <! < w) has no singular points on I' and Ind(l, Gp) =1,



then Tnd(I', €,) = 1 because C, =§°m0, and one can pass continuously from
the field O, to C,. R o : _ S

- The curve I' is chosen ,among the curves of the family K,: H (@,9)=C
(C-constant). As it has been shown, K, are Jordan curves. By (4) and boun-

‘dednes of p,(t), pa(t) vectors Vo(u,v), (v, ) ¢ K, are “almost tangent” to K, ~

if. € is large enongh, hence Ind(K,, 0;) = 1. To tinish the proof it will be suf-
ficient to demonstrate that for large C, the field C, has no singular points on K,.

. Suppose, if possible, that for every constaut € there exists a point ( Uy, D) € K, -
and: & number 4, < o < w,—d such that Vy(uy, v,) = 0; that is - *

Z(tyy gy Vo) = “'(0: Uoy Vo) v Y(byy Uy V) = ?/(Oy oy Tp) 4

 where @ = a(t, Uy, 0,), ¥ é»y‘(t, %y, ¥g) are the parametric equ‘atidﬁs of the
integral curve L(f) which starts from the point (u,, v,). Obviously L(f) is a closed

. curve. Let L,(t) be defined as previously in the lemma. Since the are L(1) is

closed t; < 1,. By (B) a constant C can be chosen so large that ¢, > wy— 8 > to-

But it contradicts ¢, < t,. Thus Theorem 1 under the agsumption of the uni-

queness is proved. This assumption ean be omitted. To prove that let us consider-

- the sequence of functions {H™(z,y)} of class (%, such that Hz,y), Ho, y)

- eonverge uniformly to Hi(z, y), H,(z, y). Let H*x, y) satisfies the assumptions
- of Theorem 1, then the syster ‘ '

() o d=—Hiw,y) ) 7= B, 9)+p)

_possesses the unique solutions and there exists the periodic solution - {za(z),

- from the inequalities

ya(1)} Bay with the period . The functions {za(t), ya(t)} are equibounded and
equicontinuous because the derivatives (), Yn(t) are bounded which follows

12at)] < [Hfant), yuit) | +25 |9nit)] < | B3fent), y(t) | +2 .

There exists a subsequence of sequence {wn(t), ya(t)} which is uniformly can-
vergent in the interval <0, w>. The limit functions x(t), y(t) are the solution
of (1) and they are periodic with the period w. . B ”

3. Theorem 2. Suppose that the assumptions of Theorem 1 are satisfied

- . except (5) which is replaced by the assumption . -

o Hofw, y)a+ Hyo,y)y . (v y

o ST o
where 'h(z, w) 18 continuous and pos#i've for 2+ u? =1,

If-the period o of funetions p,, py satisfies the insguality

)  for Dy >,

2" :
G0 f h{cosy, sing)
then the system ('1}' has the periodic solution with the period cq

y
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Proof. We will prove, that if the a.ssumption (5) in Lemma is replaced
by (12), then (B) will be satisfied. The remaining part of the proof of Theorem 2
is the same as in the proof of Theorem 1

Let us assume (12). Then for —1— o = 1y (1, is large enough) the functlon ot )
satisfies the inequality

’

P < h(eosrp, sing) +¢
which is deduced like (11') So we have t,—1{, wr(21t)—'c(0) > T(e), where

T(e) = h(cosg, sing) +¢
The number ¢ can be made small if 7, is large enough. Smee the functlon T(e)
is continuous and lim T(¢) = w, we have (B). .

&0

Corollary (compare [2], Theorem 2) If the function g(x) 48 continuous and
salisfies the conditions

2g(@) >0 for @ #0, l1.]'ma|g(ap)|=foo,,
‘ : 2| 00 '

(m) 472
hms —

/\

the function p(t) is perlochc with the period w < T, and contmuous, then the
equation

s L btgle) =p(

has at least one periodic solution with the period o.
Proof. We repla.ee (13) by the system

&=y, §=g@)-— p(t)
and we put p,(H) =0, py(t) =—p(t), H(z,y) =}y*+G(@) (G@) =! g(s)ds).
and,h‘(‘z, w) = é1:—22:3 ++we, It is-sufficient now to examine, that all assumptions

. 0
"of Theorem 2 are satisfied.
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