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1. Let A denote the family of real-vaiued functions fulfl}lmg the Lipschitz

condition in the interval ¢0,1> with the constant 1, ie.' A = {A(a): |A(Z)— .
~1(w)| < |a:-w[, , @€ <0, 1>}

. Moreover, P -{(:v,y) wel0, 1),—oo<y<+oo}
- Theotrem. There exisis a sequence of differential equations
S Y= Fk(w, W, k=1,3,.
" such that '

1° Fk(w; y).are continuous and | Pz, y)l 1in P,
2° ]j'ka( ’ y) =0 almosz everywhere, i.e. ea:cept a set of Lebesgue’s plane

" measure zero, ‘
' 3° for every f'wnctwn Mz)e A there evisis a sequence of mdwos {ax} and
- a sequence {p,(®)} of solutions of the eqmtwns (L) such that {pa(2)} converges
© uniformly to A(z) in <0, 1. . _
© 2. We shall first prove the followmg -
Lemma. For every funetion A(x)e A there exists a sequmce of deffersntml
equations - 4 .

1) Y =fz,y) rv=1,2,..
- such that '

1° functions f(z,y) are oontm'uous :md Iz, y)| 1 in P

2° m(suppfi(@, ¥)) < 1/v2"*.

3% for every v there exisls a solution (p.(w) of the equatwn (1,) such that {cp.(a:)}
cowwerges uniformly in the interval <0,1> to the function Alw).

Proof. Since (J.(w) 3/72’“) ¢ A4, there exists [2] a sequence of functions
" {an(@)} of class C* uniformly convergent in the interval <0, 1) to A(x)— 3/v2'+1
- and satistying the mequahty (a2 () | <1 for € <0,1> and n,»=1,2,

7

S * The suppa(z) denotes a smppprt of a {econtinuous) funotion a(a:), i.e. the closure of the
-~ met of pqints‘ for which a(z) # 0. m(4) denotes the Lebesgue’s plane measure of a set A..
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- Let aN(,)(w) be a ﬁxed flmctlon of the sequenee {on(@)} satlsfymg the in-
equa.hty
]a;v(,)(m)u(a m)——3/v2’+1))| <12 for we(0,1).

‘We define the function f ,y) as follows ‘
0 ‘for (m,9) e P and Y= 2(w)—1/v2
T@,y) =1 (ehe(@)  for (z,9)¢P and y =ohea)
0 for (@,y)eP and y < A(z)—1/p2" ",

Let f,(¢, ¥) be a continuous extension of the funection 7,(x, ¥) on whole set P
satisfying inequality |f(x,y)| < 1. It is easy to see that f,(xz,y) satisfies 1"
fo{, y) satisfies also the condition 2°, because :

SUDDAA@, ¥) C (@, ) € P: Aa) =12 <4 < Alo)—1p2}
Setting ¢,(x) = av(z), we obtain a sequence required in 3% ‘
3. Proof of the theorem. The family A is a subset of the space of continuous

real-valued functions in the interval <0, 1>. That space is separable if to define
the norm ||f} = ma,x |f(z)|. Therefore there exists.‘ a sequence of functions A™(x)

dense in A, A" (w) € /l
For every function 2" (z) we form a sequence of dlfferentlal equatlons

¥ =,y X
such as in the lemma; in particular, the property 2° has now a form

m(suppj,(m, ¥) <1p2, =n=1,2,.

We rahge- all functions fy(z, y) for » > n in a single seqﬁence setting Fy(z, y) =
= ﬁ(ma Y), Fz(wa_ y) = ﬁ(f(w: Y)y Fylw, y) = fg(wry)v Fyw,y) = ﬁ(’w’ ¥) ete.

We shall show that the sequence y’ = Fi(x,y) is the required sequence.
The. condition 1° is obviously satisfied. Using the following theorem ([1], p. 294)

we shall prove the condition 2°:
If {gn(2)} is a sequence of measurable functions, non- negatwe in a set A and

ngn(w)dw< + oo,

n=1 4

then llmgn(w) = 0 almost everywhere in A

Indeed
f \Fule, y)| dady —Z f P, )| dady <
k=1 P k=1 suppFg(x,y) )
3 " T e
< Z m(supp Fr(z, y)) = Zm(suppﬂﬁ(w, y) < Zv(v——z') <+ o0.
k=1~ n=1 y=1 )
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" Hence hm Fk(m, y) =0 almost everywhere in P.

Let }.(:z:) € A be a- flxed function. The density of the sequence {A"(x)} implies ‘

that for every fixed m there exists a index g{m) = Bwem such that

1y o |aﬁ"’*>(w)~,1(:c)1 <1/2m (O<2<1).

Moreover, the point 3° of the lemma implies that there exists a solution: g

Som(@) (v(m) > ﬂ(m)) of the equation y' = i@, y) satistying the inequality

@) @) — @) < 1/2m  (0<w<1). T ,
(1) and (2) 1mply -
) — Ma)| < 1/2m (0<z<1).

; Sin'ce‘w(m) = f(m), the sequence {f,<m)(w, y)m=1, 2‘ ... is a subsequence of
"tshe sequence {Fy(x,y)}. We denote by {F,(x,y)} the sequence so chosen.
. It is easy to see that the corresponding sequence {%,‘(w)} = {gaffm}(m)} converges

uniformly to i{z) in <0 1.
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