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Introduction

Picard-Vessiot theory can be described as Galois theory of linear differ-
ential equations. This theory is a generalization of classical Galois theory for
polynomial equations to homogeneous linear differential equations. Picard-
Vessiot theory is due to E. Picard and E. Vessiot and in rigorous form to E.
Kolchin, who built on the work of J.F. Ritt in differential algebra. It was
made more accessible by the book of I. Kaplansky [15]. We refer the reader
also to [7], [8], [22] and [28] for the results of Picard-Vessiot theory.

Picard-Vessiot theory has been built under the hypothesis that the field
of constants C of the differential field K, over which the differential equa-
tion is defined, is algebraically closed. In this case, one obtains existence and
uniqueness, up to K-differential isomorphisms, of the Picard-Vessiot exten-
sion of the differential equation and that the differential Galois group of the
differential equation, defined as the group of K-differential automorphisms of
its Picard-Vessiot extension, is a linear algebraic group over C'x. It is worth
considering whether the condition C algebraically closed can be weakened.
In particular, the case of real fields is interesting.

Many interesting and significant results concerning differential algebra for
real fields can be found in papers by M. Singer, T. Dyckerhoff, T. Grill, M.
Knebusch, M. Tressl (see [35], 9], [12], [13]). But an existence theorem for
Picard-Vessiot extension even in the case C'x = R has never been proved.
The reason for that might be a commentary of Armand Borel, which can
be found in his article contained in Selected Works of Ellis Kolchin (see
[3]). Borel wrote about the proof by Kolchin of the existence theorem of
Picard-Vessiot theory:

This is under our standing assumption that Cr is algebraically closed (of
char. 0). If not, then Seidenberg has produced an equation such that Cr # Cp
for all differential field extensions E generated over F' by a fundamental set
of solutions of that equation.

But if we take a close look at the example of Seidenberg mentioned above
(see [32], [18], chapter 6, ex.1 or chapter 4.1 of this work) we will see that
the base field F' is not a real field.

A Picard-Vessiot extension is a differential field extension K C L such
that there exists a following homogeneous linear ordinary differential equa-



tion L(Y) :=Y™ 4+a, YO D4 +a;Y +apY =0 with coefficients in K
having a fundamental set of solutions ¥, ..., y, in L which differentially gen-
erates L over K and moreover the fields of constants of K and L coincide.
Kolchin proved the existence of a Picard-Vessiot extension for a given ho-
mogeneous linear ordinary differential equation over a differential field with
algebraically closed field of constants. In one of his papers Kolchin indicates
that the difficulty in proving the existence of a Picard-Vessiot extension for
a given equation lies in proving that such an extension brings in no new con-
stants (see [19]). He also comments that this problem was formulated earlier
in 1933 by Reinhold Baer in his commentary which appears in Felix Klein’s
book Vorlesungen tiber hypergeometrische Funktion (see [16], page 333).

The main result of this work is proving that for a given homogeneous lin-
ear ordinary differential equation defined over a real differential field K with
field of constants a real closed field F' there exists a Picard-Vessiot extension
which is also a real field.

In our work we do not use Tannakian categories, so our methods are not
restricted to the linear case. This should make it possible to generalize our
results to the non linear case, following the landmark paper of Malgrange [23].

Our work is organised as follows:

In chapter 1 we introduce the notions of differential ring and differential
field and we study some preliminary facts of differential algebra. We also
prove Ritt-Raudenbusch Basis Theorem which is an equivalent of Hilbert’s
Basis Theorem for radical differential ideals and a differential version of pri-
mary decomposition theorem. We introduce the very useful notion of Taylor
morphism and present a differential version of the primitive element theorem.

In chapter 2 we give a brief introduction to the theory of real and real
closed fields. We present Tarski-Seidenberg Principle and its consequences.
We also study some other results needed in further chapters, like Skolem-
Lowenheim Theorem.

In chapter 3 we introduce the basic definitions and state some essential
results of Picard-Vessiot theory. We consider differential fields of character-
istic zero with algebraically closed fields of constants. Here we present the



theorem on the existence and uniqueness of Picard-Vessiot extension in such
case and the Fundamental Theorem of Picard-Vessiot Theory.

The last chapter contains our new results. We study homogeneous linear
ordinary differential equations defined over a real differential field K differen-
tially finitely generated over a real closed field F' considered as a differential
field with trivial derivation, with field of constants equal to F. In this case
we construct a real Picard-Vessiot extension. We obtain the general result by
applying the Kuratowski-Zorn lemma. Finally, we give a short commentary
on the Fundamental Theorem of Picard-Vessiot Theory in the case consid-
ered.

List of notations.

If K is a field then we denote by:
K[Xi,...,X,] thering of polynomials in X3,..., X,, over K
K(Xi,...,X,) the field of rational functions in Xj,..., X, over K
K{Xi,...,X,} the ring of differential polynomials in X7,..., X, overK
K(Xy,...,X,) the field of differential rational functions in Xi,..., X, over K
K[[X]] the ring of power series over K
K((X)) the field of fractions of K[[X]]

If S is a subset of a ring (resp. differential ring) A then we denote by:
(S) the ideal in A generated by S
[S]  the differential ideal in A generated by S
i.e. generated by elements of S and their derivatives
{S} the smallest radical differential ideal in A containing S

If A is a subring of a ring B, and S is a subset of B then we denote by
A[S] the smallest subring of B containing A and S.
If K is a subfield of a field L, and S is a subset of L then we denote by K(.S)
the smallest subfield of L containing A and S.
If A C B is a differential ring extension, and S is a subset of B then we
denote by A{S} the smallest differential subring of B containing A, S and
all derivatives of elements of S.
If K C L is a differential field extension, and S is a subset of L then we
denote by K(S) the smallest differential subfield of L containing A, S and
all derivatives of elements of S.



For a given field K we denote by K its algebraic closure. If K is an
ordered field, then by K we denote the real closure of K.

If K is a differential field (resp. ring), then by Cx we denote its subfield
(resp. subring) of constants.

By ¢ we denote the cardinality of R, i.e. continuum; by RN an arbitrary
cardinality.



Chapter 1

Differential algebra

In this chapter we recall some basic definitions and facts of differential
algebra.

1.1 Differential rings and their extensions
Definition 1.1.1. Let A be a ring. A map d : A — A satisfying

d(a +b) = d(a) + d(b),

d(ab) = d(a)b + ad(b)

1s called a derivation of the ring A. So it is an additive map satisfying Leibniz
rule. A commutative ring with identity endowed with a derivation is called a
differential ring.

We write a’ = d(a) and a”,a",...a™ for succesive derivations of a € A.
A differential ring which is a field is called a differential field. Note that:

d(1) =0, d(a')= _dla) and d(a") = na"'d(a),

a2
where a~! denotes the inverse of a.

Examples:

1) The simplest example of a derivation is the trivial derivation i.e. Ya €
A : d(a) = 0. Note that every commutative ring with identity can be seen as
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a differential ring with the trivial derivation. Over Z and over QQ the trivial
derivation is the only possible one.

2) The ring of infinitely differentiable functions C*°(R) with the usual
derivation % is a differential ring.

3) The ring of analytic functions O(C) wit the usual derivation <L is also
a differential ring.

4) Every vector field is a derivation.

If A is an integral domain, we can extend the derivation from A to the
quotient field Fr(A) in a unique way, by defining

’ 7 /
(%) = abb—Qab for % € Fr(A).
In the same way we can extend derivation from a differential ring with no
zero divisors to the ring of fractions S~ A, where S is a multiplicative subset
of A. For example the differential ring O(C) is an integral domain. We can
extend its derivation to its field of fractions i.e. the field of meromorphic
functions.

Let A be a differential ring. By A[X] we denote the polynomial ring in
one indeterminate over A. We can extend the derivation from A to A[X], by
assigning to X’ an arbitrary value in A[X]. Analogously, if K is a differen-
tial field, we extend derivation to the field of rational functions K(X). By
iteration, we extend derivation to A[X7,..., X,] or K(Xy,...X,).

In any differential ring A we can distinguish a subring
Cy :={a € Ald(a) = 0},
called ring of constants. If A is a field, so is C4.
Let (A,d) and (B, D) be differential rings. An inclusion A C B is a dif-
ferential ring extension, if the derivation of B extends the derivation of A,
i.e. D|4 =d. Let S be a subset of a differential ring B. We denote by A{S}

the smallest differential subring of B containing A, S and the derivatives of
elements of S. It is the differential A-subalgebra of B generated by S over A.

Analogously, if K C L is a differential field extension, S is a subset of L,
we denote by K (S) the differential subfield of L generated by S over K.
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If S'is a finite set, then the extension K C K(S) is called differentially finitely
generated.

1.2 Ideals and morphisms

Let I be an ideal of a differential ring A.
Definition 1.2.1. [ is a differential ideal if d(I) C I.

It is easy to see that an intersection of differential ideals is a differential
ideal.

Definition 1.2.2. Let A and B be differential rings. A map ¢ : A — B is
called a differential morphism if it is a morphism of rings i.e.

p(a+0b) = p(a) + ¢(b),
( b

p(ab) = p(a)e(b),
p(1) =1
and moreover
[o(a)] = p(d).
In an obvious way we define differential isomorphism and differential au-

tomorphism.

Let now I be a differential ideal of a differential ring A. The derivation
of A induces a derivation in the quotient ring A/I, defined by

where @ denote the class of an element a € A. If I is a differential ideal of
A, then A — A/I is naturally a differential morphism.

If ¢ : A — B is a differential morphism, then Kery is a differential ideal
in A and ¢ induces a differential isomorphism

p:A/Kerp — Imep.

Notation. Let A be a differential ring and let S be a subset of A.
By [S] we will denote the differential ideal generated by S, i.e. the ideal
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generated by the elements of S and their derivatives. If S is a finite set, i.e.

S ={s1,...,s,} we will write [s1,...,s,].
By (S) we will denote the ideal generated by S. In particular, when
S ={s1,...,5,} we will write (s1,...,5s,).

The radical rad(I) of the ideal I is the intersection of all prime ideals
containing /. But the radical of a differential ideal is not always a differential
ideal. Hence it is not true in general that the radical of a differential ideal is an
intersection of prime differential ideals. Differential rings for which radicals of
their differential ideals are also differential ideals are called Keigher rings. For
example every differential Q-algebra is a Keigher ring (see corollary 1.4.1). A
differential ring which is also an algebra over Q is called a Ritt algebra. Also
any ring of constants is a Keigher ring. This way we can see abstract (i.e.
non-differential) rings as Keigher rings. If A is a Ritt algebra, I is a diferential
ideal of A and & is the family of prime differential ideals containing I, then
rad(I) = (< (see theorem 1.5.1)

1.3 Differential polynomials

Let A be a differential ring. Let A[Y;] denote the polynomial ring in the
indeterminates Y;,7 € NU {0} over A. We define Y/ := Y;;1. In this way
we obtain a differential ring, which we denote by A{Y'}. The elements of
A{Y} are called differential polynomials in the indeterminate Y. These are
ordinary polynomials in Y and their derivatives.

By proceeding inductively we obtain the ring of differential polynomials
A{Yy,...,Y,} in n variables. We observe that A{Y1,...,Y,} is a differential
A-algebra differentially generated over A by {Yi,...,Y,} with ring of con-
stants Caqy,,..v,} = Ca. If A is an integral domain, so is A{Y:,...,Y,}.
However there is no an equivalent of Hilbert Basis Theorem. The ring
A{Y1,...,Y,} is no longer noetherian.

If K is a differential field, then K {Y} has no zero divisors. As it was said
before, we can extend derivation to the field of fractions, which we denote by
K(Y). The elements of K(Y) are called differential rational functions of Y.

In a similar way we can obtain the field of rational functions K(Y;,...,Y,)
in n variables.
Moreover, if A is a differential K-algebra and a4, ..., a, € A are arbitrary



elements, then there exists a unique differential K-algebra homomorphism
v K{Y1,...,Y,} — A such that ¢(Y;) = a; for i = 1,...,n. We write
f(a, ..., a,) instead of ¢(f).

If K C L is a differential field extension, then elements ay,...,a, € L
are said to be differentially algebraically dependent over K if there exists a
nonzero differential polynomial f € K{Y;,...,Y,} such that f(ai,...,a,) =
0. Otherwise we call them differentially algebraically independent. An ele-
ment a € L is differentially algebraic over K if there exists a nonzero differ-
ential polynomial f € K{Y} such that f(a) = 0.

Let A be a differential ring.

Definition 1.3.1. The greatest j such that YU) appears in f € A{Y} is
called the order of f. We denote it by ord(f).

If f e A{Y} is of order n, then we can write it in the form

k
fO) =D gV, Y, Yy )

=0

where k is the degree of f in Y™ and g is the leading coefficient of f (J. F.
Ritt called it the initial of f).

Definition 1.3.2. Let f € A{Y'} such that ord(f) =n. We define s := %
and call s the separant of f.

When we compute the separant of f we treat f as an algebraic polyno-
mial f € A[Y,Y’ ..., Y] ie. we treat as constants the elements of A and
all lower derivatives of Y. For example: the separant of f(Y) = (Y")? —4Y"
is s(Y) = 5(Y")%.

If @ € L is an element differentially algebraic over K, then the mini-
mal polynomial of a over K is an irreducible polynomial f € K{Y} of the
lowest order, say r, and of smallest degree in Y. Then the abstract field
K(a,a,...a™) is a differential field. We differentiate f(a) = 0 to see that
a"V € K(a,a,...a). The elements a,a’,...a" " are then algebraically
independent over K, and a" is algebraic over K(a,a,...a" V)



We define an order relation of the ring A{Y'} called ranking. Let f,g €
A{Y'}. We say that f is of lower rank than g (or that f is lower than g) if
ord(f) < ord(g) or if

ord(f) = ord(g) = q and degyw [ < degywy.

We denote it f << g. The relation << is transitive. Two differential poly-
nomials f, g € A{Y'} are of the same rank if there is no difference established
by the foregoing criteria.

Fact 1.3.1. Every subset S C A{Y'} contains a differential polynomial which
s not of higher rank than any other differential polynomaial in S.

Proof. If SN A # @ then any differential polynomial from S N A satisfies
our requirements. If SN A = &, we denote

q=min{ord(f)|f €S} and S;={fe€S|ord(f)=q}.

We denote t = min{degy« f | [ € S1}. Every differential polynomial f, € S;
of degree t satisfies our requirements, i.e. no differential polynomial from S
is of lower rank than f,.

O
So << is a well-order relation.

Remark 1.3.1. For a giwven differential polynomaial f the separant of f and
the leading coefficient of f are both lower than f.

1.4 Ritt-Raudenbush basis theorem

In this section we will state and prove Ritt-Raudenbush basis theorem
which is a crucial point in proving the existence of finite irredundant decom-
position into prime differential ideals for radical differantial ideals. It is an
analog of the Hilbert basis theorem, but not straightforward. If we replace
ideals by differential ideals we obtain a false statement. For example differ-
ential ideals in A{Y'} of the form I,, = [Y2,(Y")?, ..., (Y™)2] do not satisfy
ascending chain condition (ACC). This property holds true for radical differ-
ential ideals over a Ritt algebra.
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Notation. For an arbitrary subset S of a differential ring A we denote
by {S} the smallest radical differential ideal containing S. If A is a Keigher
ring, then {S} = rad([S]).

Now we will prove some auxiliary lemmas.

Lemma 1.4.1. Let A be a differential ring and let I be a radical differential
tdeal in A. Then

Va,bc A:abc I =dbel Nal €.

Proof. Since I is a differential ideal, then (ab) = a’b+ ab’ € I. Then we
multiply by a’b and obtain that (a’b)? + aba’t’ € I. Since I is radical, then
a’b € I. Analogously we prove that ab’ € I

O

Lemma 1.4.2. Let A be a differential ring and S a multiplicative subset of
A. Let I be a radical differential ideal in A. We denote

T:={a€A:aS CI}.
Then T is a radical differential ideal. We denote it by (I : S).

Proof. Straightforwardly we obtain that 7" is an ideal. By lemma 1.4.1 we
get that @'S C I. If a™ € T, then ¢S C I. In particular Vs € S : a"s" € I.
Since [ is radical, then as € I. Soa € T.

O

Lemma 1.4.3. Let A be a differential ring and let x € A. If T and S are
multiplicative subsets of A, then

1. 2{S} C {=S}
2. {SHT} c {ST}
Proof. 1. By lemma 142 T = {a € A : za € {xS}} is a radical

differential ideal. Since S C T, then {S} C T = ({zS} : z).
2. From 1. we have that a{T} C {aT}, for all a € {S}.

11



Lemma 1.4.4. Let A be a Ritt algebra. Then

Va€ A YneN (d)'ela"].

Proof. We have (a") = na"'a’. Since Q C A, we can divide by n and
obtain that
a"ta' € [a"]. (1.1)

Hence we have the thesis for n = 1, i.e. a’ € [al.
Let now n > 1. By differentiating (1.1) we obtain

(n o 1)an—2<a/)2 + an—la// c [an].
We multiply by a’ and we have
(n - 1)&71—2(&/)3 4 an—la//a/ c [CL"]

Using (1.1) we obtain that a" %(a’)® € [a"]. Hence we have the thesis for
n=21ie (a)? € [a?].
In analogous way we obtain the thesis for every n € N.

O

Corollary 1.4.1. Let A be a Ritt algebra and let I be a diferential ideal in
A. Then rad(I) is a radical differential ideal. In particular the nilradical
ideal rad((0)) is always a differential ideal.

Proof. Let a € rad(I). Then there exists n € N such that " € I. By
lemma 1.4.4 we have that (a’)?"! € [a"] C I, so a’ € rad(I).

0

Remark 1.4.1. Let A be a Ritt algebra. Then A has ACC on radical dif-
ferential ideals if and only if every radical differential ideal I in A is finitely
generated, i.e. there exists ay,...,a, € I such that I = {ay,...,a,}.
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Proof. Let {[;};en be a family of radical differential ideals of A such
that I; C Iy, for every © € N. Let J = (J,cyy Li- J is a radical differential
ideal in A, so there exists fi,..., fs € J such that J = {fi,..., fs}. Hence
J=U;_,I;, where r € Nissuch that foralli=1,...,s f; € I,. So
I, =1 foralli>r.

Conversely, we assume that A has ACC on radical differential ideals. Let
I be an arbitrary radical differential ideal in A and let X denote the set of all
finitely generated radical differential ideals of A contained in I . We observe
that rad((0)) € X, hence ¥ # @. So there exist a maximal element in ¥. Let
us denote this element by J = {by,...,bx}. If I # J, then we consider the
ideal {b1,...,bg,a}, where a € [ and a ¢ J. Tt is a finitely generated radical
differential ideal which strictly contains J. We get a contradiction with the
maximality of J. So [ = J and [ is finitely generated.

O

Observation. Suppose that the ideal {a, S} is a finitely generated radical
differential ideal of a Ritt algebra A. Then there exist zq,...,z; € S such
that {a,S} = {a,z1,...,2;}. Indeed, suppose that {a,S} = {y1,...,u}.
By the corollary above we obtain that {a,S} = rad([a,S]). Hence for all
t=1,...,1 there exist z;; € S and «;, B;;r € A such that

RSy
So {a, S} = {a, z;}.

Lemma 1.4.5 (Division lemma). Let A be a Ritt algebra and let f € A{Y'}
be irreducible of order n. We consider a polynomial g € [f] \ {0}. Then
ord(g) < n. Moreover if ord(g) = n, then f divides g.

Proof. STEP 1: We will prove that
Vr>1: fO =gyt gy Yy’ oy ety

where s is the separant of f. Since f is of order n it can be written in the
form f = Y7, a;(Y™) where Vi > 1 : ord(a;) < n — 1. Hence f =
S lal (Y)Y 4 i (Y)Y D] We put f; = Yo7, ab(Y™)E and we
obtain that f' = sY ™D 4+ £, ie. the formula holds true for = 1. Suppose
that this holds true for some r > 1. Then f+1) = g’y (n+7) 4 gy (ntr+l) 4 g7,
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We put f,1 = f. + Y™+ We have then ord(f,,1) < n+r and fO+) =
sY (it 4 f

STEP 2: We consider g € [f]\ {0}, i.e. g = 3% ja:if?. For k = 0 the
lemma is true, so let £k > 1. If the order of g is higher than n, let us say
n + k, then we may depress it. We substitute Y "% by —%. We obtain
an equation of the form s™g = Y7 b;f®. Then we replace Y "+~ by

—f’“—;. We repeat the process until we find m and obtain that s™g = af, for

a € A{Y'}. Now f does not divide s (because f is of higher degree). Since f
is irreducible, then f divides g and ord(f) = ord(g).

0

Lemma 1.4.6. Let A be a Ritt algebra and let f € A{Y} be irreducible of
order n. Then for every g € A{Y'}, we can find h € A{Y'}, such that

ord(h) <n A 3dImeN: s"g=h(mod[f]),
where s denote the separant of f.

Proof. We carry the proof by induction on <<. We may assume that
ord(g) = n + r, where r > 1. Suppose that degyming = m. Then g =
S (VY Y =Dy (Y ()i Quppose that the thesis holds true for
all p << g. By lemma 1.4.5, there exist f, of order at most n + r — 1 such
that f() = sY () 4 £ (Y, Y ... Y(+r=1),

Let h = s™g — (f")™p,,. Then h = s™g (mod[f]). Since h << g, then
by inductive assumption we obtain the thesis.

0

The procedure above is unique. We call h the reminder of g with respect

to f.

Lemma 1.4.7. Let A be a Ritt algebra and let f € A{Y }\ A be irreducible of
the form f(Y) =1, a;(Y™)!, where ord(cy) <n—1 fori=1,...,r. Let
s denote the separant of f. Then for every g € A{Y'}, we can find h € A{Y},
such that

h<<f A 3dpq:alsig=h(modf]).

14



Proof. By lemma 1.4.6 there exists hy € A{Y'} of order at most n and
there exists ¢ such that s?%g = hy (mod[f]). By the division algorithm for
polynomials we obtain that a?hy = h (mod|f]), for some p and h € A{Y} of
degree lower than r.

O
Now we are ready to prove Ritt-Raudenbush basis theorem.

Theorem 1.4.1 (Ritt-Raudenbusch Basis Theorem). Let A be a Ritt
algebra such that every radical differential ideal I is finitely generated. Then
every radical differential ideal in A{Y'} is finitely generated.

Proof. Let us denote by S the set of all non-finitely generated radical dif-
ferential ideals in A{Y}. By Kuratowski-Zorn lemma there exists a maximal
element in S. Let us denote it by M.

STEP 1: We will prove that M is prime. We suppose that it is not,
i.e. there exist a,b € A such that ab € M,a ¢ M and b ¢ M. Since M
is maximal, then {a, M} and {b, M'} are finitely generated, i.e. there exist
Tiyeo oy Tpy Yty ---Yg € M such that {a, M} = {a,21,...,2,} and {b, M} =
{b,y1,...y,}. By lemma 1.4.3 {a, M }{b, M} C {ab,x1y1,...,2py,} C M.

If c € M, then ¢ € {a, M}{b, M'}. Hence ¢ € {ab, z1y1, ..., 2py,}. Since
{ab,x1y1, ..., xpy,} is radical, then ¢ € {ab,z1y1,...,2,y,}. Thus M =
{ab, x1y1, ..., xpy,}. We have a contradiction with the assumption that M
is non-finitely generated.

STEP 2: The ideal M N A is finitely generated in A. Let us denote by
I the finitely generated differential ideal in A{Y'} generated by M N A. We
denote by f the polynomial of lowest rank in M — I. Suppose that f is of
the form f(Y) = a(Y™)" + g(Y), where g << f. We observe that a ¢ M.
Otherwise g € M and we have a contradiction with the minimality of f.

Let us denote by s the separant of f. We observe that s ¢ M. Indeed, if
s € M, then s € I (since s << f). Hence f(Y)—1Y s € M—1I and we have
a contradiction with the minimality of f. Since M is prime, then as ¢ M.
Hence {as, M} is finitely generated. Suppose {as, M} = {as, z1, ..., 2z}, for
some zq,...,2, € M.

Let g(Y) € M. By lemma 1.4.7, we can find p and ¢ such that a?s?g =
h (mod|[f]), where h << f. Since f is minimal in M — I, then h € I. Hence
alslg € {I, f} and since {I, f} isradical, asg € {I, f}. SoasM C {I, f}. We
obtain that M C M{as, M} = M{as, z1,...,2}. By lemma 1.4.3 we have
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that M{as,z1,...,2k} € {asM,Mzy,..., Mz} C {I,f,z1,...,2} C M.
We obtain that M = {1, f,z1,..., 2k}, so M is finitely generated.

O

Inductively we obtain the result above for the differential ring A{Y7,...,Y,}.
In particular, if K is a differential field of characteristic zero and [ is a radical
differential ideal in K{Y;,...,Y,}, then there exist fi,..., fs € I such that
I =rad([fi1,...,[s]), i.e. the ideal I has a finite basis.

Proposition 1.4.1. Let K be a differential field of characteristic zero and
let A be a finitely differentially generated K -algebra. Then there exist n € N
and a differential ideal I of K{Y1,...,Y,} such that

o: K{Yy,....Y,}/I = A
1s a differential isomorphism.

Proof. A is a finitely differentially generated K-algebra, so there exists
a finite subset S = {s1,...,s,} of A such that A = K{S}. We consider a

differential ring homomorphism ¢ : K [Yi(j )] — A such that ¢|x = idx and
@D(Y;(])) = 31(]). Since A = K{s1,...,8n}, then Im(y)) = A. So ¢ induces a
differential isomorphism ¢ such that I = Ker(p).

O

Corollary 1.4.2. Let K be a differential field of characteristic zero and let
A be finitely differentially generated K -algebra. Let I be a radical differential
ideal of A. Then there exist fi,... fs € I such that I = rad([fi,..., fs]).

1.5 Decomposition of radical differential ide-
als

In this section we present Ritt theorem concerning decomposition of a
radical differential ideal into a finite intersection of prime differential ideals.

Theorem 1.5.1. Let A be a differential ring, such that A has ACC for
radical differential ideals. Then every radical differential ideal in A is an
intersection of a finite number prime differential ideals.
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Proof. We suppose the contrary. Let us denote by S the set of radical
differential ideals in A{Y'} which are not an intersection of finitely many
prime differential ideals. By Kuratowski-Zorn lemma there exists a maximal
element in S. We denote this ideal by M. Since M is not prime, then there
exist a,b € A such that ab € M and a,b ¢ M. Hence {a, M} and {b, M}
are larger that M, and hence they are intersections of finitely many prime
differential ideals. By lemma 1.4.3 {a, M }{b, M} C {ab, M} C M.

If c € {a, M} N {b, M}, then ¢* € M and since M is radical, c € M.
We obtain that M = {a, M} N {b, M}. So M is the intersection of a finite
number of prime differential ideals.

0

Corollary 1.5.1. Let K be a differential field of characteristic zero and let
A be a finitely differentially generated K-algebra. Let I be a proper radical

differential ideal of A. Then there exist finitely many prime differential ideals
Py, ..., P, of A such that

I=PnNn...NF,.

Moreover, when P, ¢ Pj for all i # j, 4,5 € {1,...,s}, then the set
{Pi,..., P} is unique.

As a consequence of the decomposition theorem we obtain the following
result:

Proposition 1.5.1. Let A be a Ritt algebra and let P be a proper mazimal
differential ideal of A. Then P is prime.

Proof. Since A is a Keigher ring, rad(P) is a differential ideal. This means
that P is radical, because P is a maximal differential ideal. By theorem 1.5.1
P is an intersection of prime differential ideals containing it. Due to the
maximality of P, we obtain that P is prime.

O

1.6 Taylor morphism

Let B be a commutative ring with unity. We denote by B[[X]] the ring of
power series in one variable X over B. It is a differential ring with derivation
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given by
< Z anX"> = Z na, X"t
n>0 n>1
This means that we have X' =1 and ¢’ = 0, Va € B. The ring of constants
of B[[X]] is clearly B.

Definition 1.6.1. Let A be a differential ring and let B be a Ritt algebra.
Let 0 : A — B be a ring homomorphism (not necessary differential). The
mapping

)
T, : A — B[X]], aHEngW,
n:
n>0

15 called the Taylor morphism associated to o.

Notation. Let I be an ideal of a differential ring A. Let
F={ael|V¥neN:a" eI}
It is the largest differential ideal of A contained in I.

Proposition 1.6.1. Let A, B, o and T, be as above. Let C4 denote the
subring of constants in A and let Ay be a differential subring of A. Then:

1. T, is a differential homomorphism and ker(T,) = (k;er(a))ﬁ,

2. T, is an Ag-algebra homomorphism if and only if Ya € Ay : o(a’) = 0.
In particular it is a Cy-algebra homomorphism.

3. If B is a reduced ring, then ker(Ty) is a radical ideal,
4. If B has no zero divisors, then ker(T,) is a prime ideal.

5. If A is a field, then T,(A) is a field.

Proof. (1) Let u,v € A. A straightforward computation give us that
Ty(u+v) =Ty(u) + T,(v) and also T,(u') = [T,(u)]". To obtain multiplica-
tivity we use the Leibniz rule (uv)™ =37  (")u'v"". Now

J(U(n))
n!

T,(u) =0

n>0

X"=0Yn>0 ou™)=0%suc (ker(o))
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(2) If T, is an Ag-algebra homomorphism, i.e. T,(a) = o(a), for all a € Ay,
then we compare the coefficients of T;(a) = >, <, ”(‘:L(;L))X” with o(a) to
obtain that Va € Ay : o(a’) = 0. -

Now let us assume that o(a’) = 0 for all a € Ag. Then Va € Ag¥n > 1:
o(a™) =0. So T,(a) = o(a).
(3) If B is reduced, so is B[[X]]. Hence

a € radker(T,)] < In: T,(a") =0 < [T,(a)]" = 0= T,(a) =0 < a € ker(7,).

(4) If B is an integral domain, so is B[[X]]. Hence

w € ker(T,) < T, (uww) = T,(u)T,(v) = 0= u € ker(T,) Vv € ker(T,).

(5) If a,b € A are elements such that ab = 1, then T, (ab) = T,(a)T,(b) = 1.
Hence every nonzero element in 7;,(A) is invertible.

O

Remark 1.6.1. If I is a proper radical (resp. prime) ideal of a Ritt algebra
A, then I* is also a radical (resp. prime) ideal.

Proof. This follows from the previous theorem (3) and (4).

1.7 The primitive element theorem

Let us recall the primitive element theorem. It says that if K C L is a
finite separable field extension, then there exists an element 8 € L, such that
L = K(0). Below we present the differential version of the primitive element
theorem. We will use this result in the proof of the embedding theorem in
section 4.2.

Theorem 1.7.1 (Primitive element theorem). Let F' be a differential
field of characteristic 0, such that Crp & F. Let w and v be elements differen-
tially algebraic over F. Then there exist o € F such that F(u,v) = F(u+awv).
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The proof needs the following lemma (see [29], chapter 2, §22, pp.35-36).

Lemma 1.7.1. Let F be a differential field of characteristic zero, with field
of constants Cp C F. Let f € F{Y1,...,Y,} be nonzero. Then there exist

Yt yn € F such that [(ys,....yn) # 0.

Proof of lemma. 1t is sufficient to prove the lemma in case n = 1. Let
a € F\Crand k € Z,. We will prove that if ord(f) < k then there exists
an element

Y, = ap + ajo+ . ..+ apa”, (1.2)

where a; € Cr for i = 0,1,..., k, such that f(y.) # 0.

We suppose the contrary, i.e. we consider g € F{Y'}, g # 0 of the lowest
rank such that g vanishes on any element of the form 1.2. We denote by [
the order of g. We observe that 0 < [ < k. Now if we substitute Y in g
by y. (respectively Y@ by Diy, = a;0 + ... + ap(a®)® for i = 1,...,1),
we obtain zero. So if we treat this expression as a polynomial in variables
ao, . . ., a, it must be identically equal to zero. Hence its partial derivatives
g—(fo, cee ; 4 are also zero. We compute them to obtain the following system
of equatlons

@’ -0

Y 1Y =yx

0

%—yyzy*owL 8y,\y —y. t/—i— 6Y(l>’Y e al =0

a_ig/’Y=y*O‘ + 6Y’|Y y*<04 ) +... ay(l)|Y y*< ) =0 (1-3>

dg 5
%|Y:y*a + 8y/ ‘Y =Yx (Ofl>/ + e + ay_%)’Y=y* (al>(l) — O

Now we consider 1.3 as a system in the indeterminates 83%) for i = 0 1,...,L
Since ?;‘{l) is of lower rank than g, hence 7% (y.) # 0. Hence 45 treated

as a polynomial in the indeterminates a; does not vanish 1dent1cally Hence
the determinant of system 1.3 is equal to zero. Equivalently the elements
1,a,a?, ..., o are lineary dependent, i.e. there exists o, ..., 3 € Cr not all
equal to zero such that By + Bia + ... + Bl = 0. We pick up an algebraic
polynomial h of lowest degree such that h(a) = 0. Hence h'(a)a’ = 0.
Since h/(a) # 0, then o/ = 0. We have a contradiction with the assumption

OZEF\OF.
UJ
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Now we will prove the primitive element theorem. We follow the proof of
Seidenberg (see [33], §3.). The previous method of proving this theorem can
be found in a paper by E. Kolchin (see [20], §4.)

Proof of the theorem. We construct a differential field F(X)(u, v), where
X is a differential indeterminate. The elements u,v are differentially alge-
braic over F, so also over F(X). The sum and the product of differentially
algebraic elements are also differentially algebraic elements. So w := u+ Xv
is differentially algebraic over F(X). Let f € F(X){Y} be the minimal
polynomial of w. We denote by k the order of f. We have a polynomial

relation
XXX wa, L w®) = 0. (1.4)

We observe that

(2) :
ow { 0 fori<k (1.5)

OxX® — ) v fori==k

We compute the partial derivative of 1.4 with respect to X*) and we
obtain that %4—%4} = 0. Since f is minimal, then g(X, w) := % £ 0.
Hence v € F(X)(w).

By lemma 1.7.1, we can find € F(u,v), such that g(z,u + zv) # 0. In
fact we can take x € F'. Indeed, by analysing the proof of the lemma 1.7.1,
we observe that we can specialize X to a polynomial in the indeterminate
A € F'\ Cr with constant coefficients. So we choose such an = € F'. Hence

v € F{u+ xv) and F{u + xv) = F(u,v).
0
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Chapter 2

Real algebra

In this chapter we briefly review Artin-Schreier theory of ordered fields
and real fields. We refer to [2] for more results on real algebra. We also
comment on completeness of real closed field theory.

2.1 Ordered fields, real fields and real closed
fields

We recall some definitions and facts of real algebra.

Definition 2.1.1. Let K be a field. An ordering of K s a total order relation
<, which satisfies the following conditions

r<y=c+z2<y+z,
0<2,0<y=0<uzy,

forall x,y,z € K.
A field K endowed with an ordering is called an ordered field.

If K is an ordered field, we can extend the ordering from K to the ring
of polynomials K[Y]. If f € K[Y] and

fY)=a,Y" +a, Y + . +a Y, with a #0,

then f(Y) > 0 if and only if a; > 0. Now we can extend the ordering to the
field of rational functions K(Y') by defining for f(Y),g(Y) € K[Y]

fY)

— >0« f(Y)g(Y) > 0.

Lo > 0% 1aly)
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Definition 2.1.2. Let K be a field. A subset S C K is called a cone of K if
r,2yeS=x+yes,

r,2yeS=axyes,
reK=2°€S8.
The cone S is proper if —1 ¢ S.

Theorem 2.1.1. Let K be a field. The following properties are equivalent:
1. K can be ordered,

2. K has a proper cone,

3. —1¢ K2,

4. Vo, e, e K Y 22=0=1=...=12,=0.

=11

Definition 2.1.3. A field K is called a real field if it satisfies one of the
equivalent properties in theorem 2.1.1.

Remark 2.1.1. Note that a real field always has characteristic zero.

A ring A is said to be semireal if —1 is not a sum of squares in A. It is
called real when Y7 | 27 = 0 implies z; = ... = z,, = 0 for all n € N and for
all zq,...,x, € A. A real ring is semireal. An ideal I of A is real (semireal)
if the quotient ring A/ is real (semireal). This means that an ideal I of A

n

is real if and only if Vai,...a, € A: > a2 €l =a; €1, fori=1,...,n.

i=1"
Real ideals are semireal. As already mentioned, for fields these two notions
coincide.

Definition 2.1.4. A real field K which has no nontrivial real algebraic ex-
tensions is called a real closed field.

Theorem 2.1.2. Let K be a field. Then the following properties are equiv-
alent:

1. K 1is a real closed field,

2. the ring K[i] := K[X]/(X? + 1) is an algebraically closed field.

23



For the proof see [2], chapter 1.

Definition 2.1.5. Let K be an ordered field. An algebraic extension L of
K is called a real closure of K if L is real closed and the inclusion K — L
preserves the ordering of K.

Theorem 2.1.3. Fvery ordered field K has a real closure which is unique
up to K-isomorphism.

For the proof see [2], chapter 1.

Remark 2.1.2. If F is a real field and K its real closure, then the only F-
automorphism of K is the identity. In this sense uniqueness of real closure is
stronger than uniqueness of algebraic closure. We will denote the real closure

of an ordered field F by F .

Examples:

1) Q and R with their natural orderings are clearly real fields. Moreover
R is a real closed field.

2) The field of rational functions R(X) is a real field (see above how it
can be ordered).

3) Ruy :={z € R: zisalgebraicover Q} is a real closed ﬁeld It is called
field of real algebraic numbers. It is a real closure of Q, i.e. Q = =Ry

4) RX)" = {>°7, a; X% : ke Z neN\{0},a € R} is called field
of Puiseux power series with coeffficients in R. Analogously by C(X)" we
denote the field of Puiseux power series with coeffficients in C. C(X)" is
an algebraically closed field. Since C(X)" = R(X)"[i], then R(X)" is real
closed.

5) The set R(X)7,, of Puiseux series algebraic over R(X) forms a field. It
is a real closure of R(X) with ordering <, such that Vo € (—00,0] : x < X
and Vz € (0,+00) : X < z. For the details see [2], chapter 1, example 1.1.2.

Lemma 2.1.1. Let I be a real ideal of a commutative ring A. Then I is
radical. If A is noetherian, then all minimal prime ideals containing I are
real.

For the proof see [2], lemma 4.1.5.
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Lemma 2.1.2. Let I be a prime ideal of a commutative ring A. Then I 1is
real if and only if Fr(A/I) is a real field.

Proof. Fr(A/I) is real if and only if Vaq ..., 2z, € Fr(A/I) Y7 x7 =
0= 2y =... =1z, =0 (see theorem 2.1.1). This means » ;' 27 € I =
X1y, %y € 1.

O

2.2 The Tarski-Seidenberg principle

The theory of real closed fields admits quantifier elimination. We have
a Tarski-Seidenberg principle, which states that semialgebraic sets in K",
where K is a real closed field, are stable under projection. Let us recall this
theorem.

Definition 2.2.1. Let K be a real closed field. A subset S C K" is a semi-
algebraic subset of K™ if it has the form

p g

UM 4

i=1j=1
where A;j = {x € K" : f(x) >0} or Ajj ={z € K" : f(x) =0} (or A;; =
{r e K": f(z) <0}) fori=1,...p, j=1,...q, where f € K[Xy,...,X,].

An algebraic set is semi-algebraic. Semi-algebraic subsets of K are exactly
the finite unions of intervals. The closure and the interior of a semi-algebraic
set are semi-algebraic.

The Tarski-Seidenberg Principle states that if K is a real closed field, A
is a semialgebraic subset of K" and 7 : K™ x K™ — K" is the natural
projection (we just forget last m coordinates), then w(A) is a semialgebraic
subset of K™ (see [2], chapter 1.4. and chapter 2.2).

For our purposes the following corollary of Tarski-Seidenberg Principle
will be useful.
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Theorem 2.2.1 (Transfer Principle). Let I be a real closed field and K a
real closed extension of F'. We consider a boolean combination (X1, ..., X,)
of polynomial equations and inequalities with coefficients in F. If there ex-

ists u = (uq,...,u,) € K" such that f(u) is true, then there exists x =
(1,...,2,) € F" such that 5(x) holds true.

For the proof see [2], chapter 4.1.

We can formulate Tarski-Seidenberg Principle in the language of model
theory. If F'is a real closed field, then semialgebraic sets in F™ are sets of the
form {x € F™ : U(t,z)}, where U(T, X) is a first-order formula in the vari-
ables T1,..., Ty, X1,..., X, and t = (ty,...,t;) are parameters from F. The
principle states that the language of real closed fields admits elimination of
quantifiers, i.e. every first-order formula in the language of real closed fields
is equivalent to a quantifier-free formula (see for example [25]).

A consequence of this result is a theorem analogous to the Principle of
Lefschetz. Let us recall that this principle roughly says that it is enough
to prove some result over the complex numbers (where we can make use of
analytic and topological properties) and then we automatically get the same
result for all algebraically closed fields of characteristic zero. Now we are able
to formulate a similar principle for real closed fields. Namely, any formula
of first-order language which holds true in one real closed field (for example
R) is also true in all real closed fields. So the problem always reduces to
answering the questions if the statement of our result can be described in
first-order language and if it holds true for some real closed field (for more
detail see [30] and [31]). For our purposes we can formulate the following
corollary based on this argumentation.

Corollary 2.2.1. Let F be a real field and let f;,9; € F[Xi,...,X,], for
1=1,....,kand j=1,...,1. The polynomial system

fi(X17"';Xn) :O, 7/:1,,]{7
g;i(X1,..., X)) >0, j=1,...,1,

has a solution in some real extension of F' if and only if it has a solution in
all real closed fields containing F.

We present one more important result proved in 1927 by E. Artin and O.
Schreier.
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Theorem 2.2.2 (Artin-Schreier Theorem). Let K be a field of arbitrary
characteristic. Let K denote its algebraic closure. If K # K and [K : K] <
oo then K is a real closed field and K = K (i), where i = /—1.

In other words, if L is an algebraically closed field and K a subfield of L
such that 1 < [L : K] < oo, then char(K) =0 and L = K(i). For the proof
see [17], chapter 1.

2.3 Some auxiliary results

In this section we present some needed facts concerning real closed field
theory. It is a complete theory, i.e. for every sentence p described in the
language of real closed field theory one can prove p or else negation of p.

Theorem 2.3.1 (Skolem-Léwenheim Theorem). If T is a theory (not
necessarilly complete) such that it has an infinite model or finite models of

arbitrary large (finite) cardinality, then for every cardinal number Y no less
than the cardinality of T', the theory T has a model of cardinality N.

For the proof of this theorem and for informations concerning needed
model theory notions see [27].

For our purposes the following consequence of this theorem will be useful.

Corollary 2.3.1. Let M be an infinite model of the complete theory T in
language L. Then for every cardinal number W not less than card(M) and
not less than card(L), M has an elementary extension of cardinality .

The theory of real closed fields is complete, so this kind of choice of the
real closed field is possible. By elementary extension we understand such a
field extension ' C M that every tuple of F' satisfies the same formulas in
F as in the M. In other words one can choose a real closed field extension
of arbitrary large cardinality.

In particular if we are interested only in field extensions, one can observe
that every purely transcendental extension of a given field F' is F-isomorphic
to a field of rational functions over F' of appropriate number of indetermi-
nates. In this case if we need an extension F' C M of real closed fields with
a given transcendence degree say N, we can define the field M as the real
closure of the field of rational functions over F, i.e. M = F(X) , where
X = {X,}ies for card(I) = N.
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Chapter 3

Picard-Vessiot theory

3.1 Basic definitions and facts

For a given field K and for an arbitrary polynomial f € K[Y] we construct
a splitting field, i.e. a minimal field L containing K over which f factors into
linear factors. Similarly we can associate to a homogeneous linear differential
equation of order n defined over the differential field K a minimal extension
L of K containing a fundamental set of solutions of this equation (i.e. a set
of n solutions linearly independent over C7,.).

We shall consider homogeneous linear differential equations defined over
a differential field K of the form

LOV)=Y"™ 4a, ;YO 4 a0V +ayY =0, (3.1)

where a; € K for ¢ € {0,1,...,n —1}.

If L is a differential field extension of K, then the set of solutions of
L(Y)=01in L is a Cr-vector space of dimension < n.

We can define a Picard-Vessiot extension for equation (3.1) over a dif-
ferential field K. When K is a field of characteristic zero with algebraically
closed field of constants Ck, then it can be proved that we can always as-
sociate to this equation a minimal extension of K containing a fundamental
set of solutions of (3.1). In the case described above this extension is unique
up to differential K-isomorphism.

Definition 3.1.1. A differential field extension K C L is a Picard-Vessiot
extension for L if
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1. L s differentially generated over K by a fundamental system of solu-
tions of L(Y) =0 in L,

2. every constant of L lies in K i.e. Cx = Cp.

Theorem 3.1.1. Let K be a differential field of characteristic zero with
algebraically closed field of constants Ck. Let equation (3.1) be defined over
K. Then there exists a Picard-Vessiot extension L of K for L and it is
unique up to differential K-isomorphism.

For the proof see [8], chapter 3.

Let us recall how we obtain a Picard-Vessiot extension for £ over K in
the case in which C¥ is an algebraically closed field. First we construct the
full universal solution algebra.

We consider the ring K[Y;;], where 0 <i<n—1land 1< j<n. Itis
a polynomial ring in n? indeterminates. We extend the derivation of K to
K[Y;;] by defining

V=Y, for 0<i<n-—2,

!/
Ynfl,j = —an,lYn,Lj — ... al}/lj - CL()}/E)j.

Notice that in this way we assure that Yj;, 1 < j < n are solutions of the
considered equation.

We denote W = det(Y;;). We have

}/01 .. }/E]n }/E)l . }/(‘)n
Yy U
W = det }/11 e len = det 0 on
Yocia oo Yaiin yr by
So W is the wronskian (determinant) of Yy, ..., Yo,. The elements Yy, ..., Yo,

are linearly independent over Ck if and only if W is nonzero. Let W =
{W™},>0 be the multiplicative system of the powers of W. Let R := K[Y;;]y
be the localization of K[Y;;] in W. The derivation of KY;;] extends to R
in a unique way (see section 1.1). This differential ring R is called the full
universal solution algebra. In this way we assure that Y(;,1 < j <n form a
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fundamental set of solutions.

Then we consider a maximal differential ideal M of R, i.e. a maximal
element in the set of all proper differential ideals of R, which is proved to be
prime (see proposition 1.5.1). Then one can prove that the field of fractions
of the integral domain R/M i.e. L = Fr(R/M) fulfills the conditions to be
a Picard-Vessiot extension for £ over K.

The quotient ring R/M is simple, i.e. it has no proper differential ideals.
It is proved that if R has no proper differential ideals, then C'x = C',.

Theorem 3.1.2. Let K be a differential field, with field of constants Ck.
Let K C R be a differential ring extension such that R is finitely generated
as a K-algebra and has no zero divisors. Let us denote L = Fr(R). If Ck is
algebraically closed and R has no proper differential ideals, then Cp, = Ck.

For the proof see [8], Proposition 3.5 or [7], Theorem 5.6.4.

The idea behind the proof is the following: every new constant ¢ € C7\Ck
must be algebraic over K (but then it is algebraic over C and since Ck is
algebraically closed, this means that ¢ € Ck) or else there exist an element
a € Ck such that ¢ — a is not invertible in R (and then it generates a proper
differential ideal). For details see [8], chapter 3.2. or [7], chapter 5.6.

3.2 Fundamental theorem of Picard-Vessiot

theory

Let us now present the analogous of the fundamental theorem of polyno-
mial Galois theory. If we have a polynomial f € K[Y] in one variable Y with
coefficients in a field K, we construct a splitting field L by adjoining to K
all roots of the polynomial f. In Galois theory for polynomial equations we
introduce the Galois group of a field extension K C L. It is the group of all
K-automorphisms of L. If L is a splitting field of a polynomial f € K[Y],
the Galois group of K C L is the group of all permutations of the roots of f
which preserve all algebraic relations between them.

In differential Galois theory we introduce the so called differential Galois
group. It consists in all differential K-automorphisms of the Picard-Vessiot
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extension. They preserve the relations between solutions of the given equa-
tion and also between their derivatives.

Definition 3.2.1. Let K C L be an extension of differential fields. The
group

G(LIK)={o:L— L|o is a differential K-automorphism},
15 called the differential Galois group of the extension K C L.

If necessary we denote this group by Gyisr(L|K) to distinguish it from
the Galois group defined in polynomial Galois theory.

When K C L is a Picard-Vessiot extension of equation (3.1), the Galois
group G(L|K) is denoted by Galg (L) or Gal(L) and it is called Galois group
of the equation (3.1) over K.

Remark 3.2.1. If K is a differential field and K C L is a separable algebraic
field extension then the derivation of K extends uniquely to L and moreover
every K-automorphism of L is a differential one.

For the proof see [8], proposition 2.3.

In other words, in the case of algebraic separable extensions Galois group
and differential Galois group coincide.

Let us recall that an algebraic extension is Galois if and only if it is normal
and separable. Moreover if K is a field of characteristic zero, then every
element algebraic over K is separable over K. For Picard-Vessiot extensions
we have the following characterization.

Theorem 3.2.1. Let K be a differential field of characteristic zero with
algebraically closed field of constants. If L is an algebraic Picard-Vessiot
extension of K, then it is a normal algebraic extension.

For the proof see [8], corollary 3.3.

Theorem 3.2.2. Let K be a differential field of characteristic zero with
algebraically closed field of constants. Let L C K be a finite Galois extension.
Then L is a Picard-Vessiot extension of K.
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For the proof see [22], proposition 3.20.

The differential Galois group of a Picard-Vessiot extension is a linear
algebraic group, i.e. it is isomorphic to a subgroup of the general linear group
GL,(Ck), closed in Zariski topology, where n is the order of the differential
equation. For the details see for example [8], chapter 4. Moreover

dimG(L|K) = trdeg(L|K).

Here we understand the dimension of G(L|K) as its dimension as an alge-
braic variety.

Let K C L be a Picard-Vessiot extension for equation (3.1) and let M
be a differential subfield of L such that K € M C L. Then M C L is a
Picard-Vessiot extension for £, viewed as defined over M, with

Let H be a subgroup of G(L|K). We denote by
" ={zeL|VoeH:o(x)=2a}

the subfield of L fixed by the action of H. L is stable under the derivation
of L.

Definition 3.2.2. We say that the differential field extension K C L is
normal if
Vee L\ K3o e G(LIK) : o(x) # x.

Now we can state the fundamental theorem of Picard-Vessiot theory.

Theorem 3.2.3 (Fundamental Theorem). Let K be a differential field of
characteristic zero with algebraically closed field of constants. Let K C L be
a Picard-Vessiot extension with differential Galois group G(L|K).

1. Then there is a bijective correspondence between Zariski closed sub-

groups H of G(L|K) and intermediate differential fields M such that
K Cc M C L, given by

H— L7, M — G(LIM).
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2. The differential field extension K C M is a Picard-Vessiot extension
if and only if G(L|M) is a normal subgroup of G(L|K). Then the
restriction morphism

G(L|IK) - G(M|K), o 0ly
induces an isomorphism G(L|K)/G(L|M) = G(M|K).

For the proof see [8], chapter 5.
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Chapter 4

Picard-Vessiot extensions for
real fields

4.1 Motivation

Example 1:
Let us analyse the example given by A. Seidenberg mentioned in the in-
troduction (see [32] or [18], chapter 6, ex.1). We consider the field of real
numbers R with trivial derivation, i.e. Ya € R: a’ = 0. To R we adjoin the
general solution a of the equation

4a® +a? = —1, (4.1)

such that @’ # 0. Now we take K = R({a) = R(a, d’) to be a base field over
which we consider the homogeneous linear differential equation

y' +y=0. (4.2)

It can be proved that the field of constants of K is R. Moreover, if £ is a

nontrivial solution of equation (4.2), then v = % is a solution of the Riccati
equation

v =—1—v% (4.3)

It can be also proved that if v is any solution of equation (4.3), then L = K (v)
contains a new constant, i.e. R & Cf.

In Seidenberg’s example (4.1) shows that the base field K is not a real
field. So it seems to be reasonable to consider homogeneous linear differential
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equations defined over a real field K.

We shall consider the existence of Picard-Vessiot extensions for real dif-
ferential fields. To understand how delicate is the problem let us analyse two
more examples.

Example 2: A real field is a field which can be ordered (see chapter
4). We have several possible orderings for a given real field. For example, in
the field @(\/5), either v/2 or —v/2 can be taken to be positive. So we can
consider two different real closures of the field Q(v/2). In one of them the
element v/2 has a square root, in the second one it does not.

Here we present a modification of the example given by H. Umemura (see
[37]). Instead of the field or rational numbers we consider the field of real
numbers.

Example 3: Let us consider a differential field extension R(z,e3*) C
R(z, e”) with derivation -. It is an algebraic extension which is not normal.
So it is not Galois. But as it can be easily seen it is a real Picard-Vessiot
extension. Indeed, the function y = e® satisfies the homogeneous linear dif-
ferential equation ¢’ —y = 0. By real Picard-Vessiot extension we understand
a Picard-Vessiot extension which is an extension of real fields.

Let us recall that in Picard-Vessiot theory over differential fields of char-
acteristic zero with algebraically closed field of constants when we are dealing
with finite algebraic extensions a Picard-Vessiot extension appears to be the
same as a Galois extension (see theorem 3.2.1 and theorem 3.2.2.). In par-
ticular an algebraic Picard-Vessiot extension is a normal algebraic extension
if Ck is algebraically closed.

As one can conclude by analysing the example given above, in case of real
differential field extensions this fact is no longer true.

Our last example explains the condition concerning the field of constants
of a given differential field, which appears in the existence theorem (see the-
orem 4.3.1).

Example 4: Let us consider the field Q with the trivial derivation
and a real differential extension K = Q (e*X) of Q', where o € R\ Q'.
We consider K as a subfield of R((X)). The derivation of R((X)) is given
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by (30 @nX™) = 3,51 na, X" and extension to the fraction field. So
(e*X) = ae™X. Hence o € K and it is a new constant.

4.2 The Seidenberg-Singer embedding theo-
rem

Now we will state and prove an embedding theorem which will be crucial
in the proof of the existence of a Picard-Vessiot extension for a differential
equation defined over a real field K differentially finitely generated over a
real closed field F' considered as a differential field with trivial derivation,
with field of constants equal to F.

We will need some auxiliary lemmas. Here we prove a certain version of
results of A. Seidenberg presented in [31], which were also explained by M.
F. Singer in [35].

Lemma 4.2.1. Let F' be an arbitrary field of characteristic zero considered
as a differential field with trivial derivation and let K = F(y1,...,yn) be a
differential extension of F, with derivation D. Let L be an arbitrary field
of characteristic zero. We denote by L[[X]| the ring of formal power series,
which can be seen as a differential ring with derivation Dy, where

DL<ZGJ')%> :Zaj(;(j;)!‘

520 j>1

Let o : K — L be an abstract field isomorphism (i.e. not necessary differen-
tial) and let o(D7y;) = ¢;j € L. We consider F' as a subfield of L via o. Then
the Taylor morphism T, : K — L[[X]] associated to o given by T5(y;) = 9i =
> cij% defines a differential isomorphism ¢ : K — F(yy,...Un).

Proof. By proposition 1.6.1 we get that the Taylor morphism associated
with o is a differential homomorphism, such that ker(7,) = (ker(c))*. Since
o is an isomorphism, then T, is a ring monomorphism. So by proposition
1.6.1, (5) we get the differential field isomorphism ¢ : K — Im(T,).

O
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Lemma 4.2.2. Let F' be a real field and let K be a real extension of F' of
the form K = F({zx}xen,y), where x) are algebraically independent over F
for card(A) < N and y is algebraic over G = F({x\}xer). Let M be a real
closed extension of F' such that trdeg(M|F) > N. Then K is isomorphic to
a subfield of M.

Proof. STEP 1: We consider the real field G = F({xx}xea). We will
embed G into M. Since trdeg(M|F) > R, there exist ¢y € M for A € A
algebraically independent over F. We define S := F({cy}rer). Now G
and S are two purely transcendental extensions of F', whose transcendence
degrees over F' are equal. So there exists exactly one isomorphism of fields
¢ : G — S such that ¢|p = id and ¢(z)) = c) for A € A.

STEP 2: We will embed K = G(y) into M. We have already constructed
an isomorphism ¢ : G — S. We can extend it to an isomorphism of the
polynomial rings i.e. ¢ : G[X] — S[X]. Let f € G[X] be the minimal
polynomial of y. We have K = G[X]/(f) = S[X]/(¢f), so S[X]/(¢f) is a
real field and ¢ f has a root in S". By corollary 2.2.1 it has a root, say y*, in
M. Then we obtain an isomorphism of fields ¢ : K = G(y) — S(y*) C M
(see for example [4], chapter 2.1, lemma 2).

O

The existence of the field M postulated in the lemma above is guaranteed
by Skolem-Léwenheim theorem (see theorem 2.3.1). As it was mentioned in
section 2.3, we may define M as a real closure of the field of fractions of the
ring F[X], where X = {X,;};c; and card(I) > N.

Remark 4.2.1. We observe that lemma 4.2.2 is also true without assuming
the fields F' and K to be real if we take the fields of characteristic zero and
M to be algebraically closed.

The following result is based on the embedding theorem proved by A.
Seidenberg (see [31]) and then in the real case by M. F. Singer (see [35]).

Theorem 4.2.1 (Seidenberg-Singer Embedding Theorem). Let F' be
a real closed field considered as a differential field with trivial derivation. Let
(K, D) be a real differential extension of F, differentially finitely generated
over Fi.e. K = F(yy,...,yn) with field of constants Cx = F. Let M be a
real closed extension of F' such that trdeg(M|F) > ¢. Then K is isomorphic
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to a subfield K1 = F(y1,...,Yn) of a ring M[[X]], where §; fori=1,...,n

are formal power series and the derivation on Ky is diX.

Proof. By using the primitive element theorem (see theorem 1.7.1) we
may assume that K = F(y1,...,yn), where yi,...,y,— are differentially
algebraically independent over F' and y,, is differentially algebraic over G =
F<y17-~~7yn71>' )

STEP 1: We will embed G into M. We consider G = F(D?y;), where
1t <n-—1and j € N. By lemma 4.2.2, there exists a field isomorphism
o:G — S := F(¢;) C M, such that o(D7y;) = ¢;; and ¢;; € M are
algebraically independent over F.

STEP 2: The element y,, is differentially algebraic over G. Let f € G{Y,,}
be the minimal polynomial of y,. Let ord(f) = r. Then K = G(y,) =
G(Yn, Dyn, ..., D"yy,), i.e. G(Yn, Dyn,...,D"y,) is a differential field. To
observe that D™y, is in this field we compute D[f(y,)] = 0 and solve it
with respect to D" 1y,.

Then y,, Dy, ..., D"y, are algebraically independent over G and D"y,
is algebraic over the field G; := G(ypn, DYn, - - ., D" yn). S0 Yn, Dyn, ..., D" 1y,
are algebraically independent over the real closed field F'. By lemma 4.2.2, we
can embed G and also K = G1(D"y,,) into M. Again we choose ¢y, . .. Cpr—1
such that ¢;; for i <n—1, j € Nand ¢y, ...c,,—1 are algebraically indepen-
dent over F'. The element ¢, is obtained from the condition o f = 0.

Since the map o is clearly a field isomorphism, we can apply lemma 4.2.1
and obtain a differential field isomorphism ¢ : K — F(y,,...,7,), where
F(y,,...,7,) is a differential subfield of the differential ring (M[[X]], %)
and 7, is the image of y; in M, 1 <i < n.

O

4.3 Existence theorem

4.3.1 First case

Let K be a real differential field differentially finitely generated over its
field of constants F' (i.e. K = F(y;...,yn), for some n € N). We assume that
Fis real closed. We shall consider a homogeneous linear ordinary differential
equation of order k of the form
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LOV)=Y® 4a VED 4 40V +agY =0, (4.4)

where a; € K for i € {0,1,...,k — 1}. In this section we prove that there

exists a Picard-Vessiot extension for this equation, which moreover is a real
field.

Theorem 4.3.1. Let F' and K be as above. Let M be a real closed extension
of F' such that trdeg(M|F) > ¢. We consider equation (4.4) defined over K.
Then there exists a Picard-Vessiot extension of K for equation (4.4), which
moreover is a real field.

Proof. Let us denote the complexification of K by K = K (), where
i2 = —1. Then the field of constant of K is F' = F(i), which is algebraically
closed.

We consider equation (4.4) over K. The field of constants is algebraically
closed, so there exists a unique Picard-Vessiot extension of K for this equation
(see theorem 3.1.1). Let us denote it by L := K (1, ..., m,), where ny, ..., m
is a fundamental set of solutions of equation (4.4).

By Seidenberg-Singer embedding theorem (see theorem 4.2.1), our base
field K is isomorphic to a subfield of the ring of formal power series over M,
i.e. there exists a differential isomorphism

TJIK:F<y17...,yn>%K1 I:F<g17...,gn> CM[[X]],

where ¢; for i = 1,...,n are formal power series. If we denote by M =
M(i) the complexification of M, then Ky = Fly, ..., yn) is isomorphic to
a subfield of M. L is also differentially finitely generated over K, so it is
isomorphic (cf. remark 4.2.1) to an extension of Ky in M. By lemma 4.2.1,
we obtain a differential isomorphism

0:L=K(mn,...n) — Ly = K(fjy,...,7) € M[[X]].
So 7y, ...,MN; is a fundamental set of solutions of equation
YO 4 VED 4 45 Y 4 b)Y =0, (4.5)

considered over Kl, where b; :=T,(a;) € K; fori=0,...,k— 1.
The conjugation ¢ in M given by i — —i extends clearly to M[[X]]. The
vector space of solutions V := Fq me--® F7 M) is c-stable. Let V¢ be the

39



F-subspace of V' fixed by the conjugation c. Clearly dimp V¢ = k. Let L,
be the differential subfield of L; generated by K; and V¢. By definition,
it is differentially generated over K; by a fundamental system of solutions
of (4.5). As it is a differential subfield of Ly, C, C Ci, = F. But L,
is contained in M[[X]], so it is a real field, hence C, = F. So L; is a
Picard-Vessiot extension for equation (4.5) over K;. Hence L := ¢ !(L;) is
a Picard-Vessiot extension for equation (4.4) over K, and L is a real field.

O

4.3.2 General case

Let F' be a real closed field considered as a differential field with trivial
derivation. Let K be a real differential extension of F' of arbitrary differential
degree. We assume that the field of constants is Cx = F. We consider the
equation

LY):=Y® 4a  YED £ 1Y +aY =0, (4.6)

over K. We will prove that we can embed K into a real closed extension
M of F', which is large enough. Then the proof of the existence theorem of
Picard-Vessiot extension for K is the same like in section 4.3.1.

By lemma 4.2.2, we can embed into M all these subfields of K, which
are compositions of differentially transcendental extensions of arbitrary large
differential transcendence degree and a differentially algebraic extension of
finite differential degree. Let us denote the family of all embeddable subfields
of K by §. Let us consider the space £ of embeddings of subfields from S.
Clearly £ # @. We introduce a partial order relation < in & by

p1 < P2 = 1 C P,

for 1,0 € £. We observe that every totally ordered subset G of £ has an
upper bound, i.e. U%eg ;. Hence by Kuratowski-Zorn lemma there exists
a maximal element ¢,,,, in £. We claim that ¢,,,, is an embedding of K.
Indeed, if not then there exist a proper subfield S € S such that ¢4, is
an embedding of S. So there exists an element a € K \ S which is not em-
bedded by ¢maz- We consider the differential field S(a). If a is differentially
transcendental over S, then there exists clearly an embedding ) of S{a) into
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M. 1If a is differentially algebraic over S, by lemma 4.2.2, there exists an
embedding ¢ of S(a) into M. Hence @pmq < 1. We have a contradiction
with the maximality of ¢4z

4.4 Comments concerning construction
of Picard-Vessiot extension

Let K and Cx be like in the previous section. Here we give a short com-
mentary on the canonical construction of Picard-Vessiot extension known
from the theory of differential fields with algebraically closed field of con-
stants. This method of construction also holds for our case. Let us follow it
step by step.

Our goal is to construct a real Picard-Vessiot extension for equation (4.4).
The first step is the construction of the full universal solution algebra (see
chapter 3). We consider the ring K[U;;|, where 0 <i <k—1land 1 <j <k.
It is a polynomial ring in k? indeterminates. We extend the derivation of K
to K[U;j| (let us denote it by D) by defining

D(UZ) = Ui+1,j for 0 S 1 S k — 27

D(Uk:—l,j) = —ak._lUk_Lj — ... CblUlj - (loUoj.
We denote V' = det(U;;) the wronskian (determinant) of Upy,. .., Up.
The elements Upy, . .., Uy are linearly independent over C'x if and only if V'

is nonzero. Let V = {V"},,>¢ be the multiplicative system of the powers of
V. Let R := K[U;j]y be the localization of K[U;;] in V. The differential ring
R is called the full universal solution algebra. It is a real ring, since it is a
localization of a polynomial ring in k? variables over the real field K.

We consider real differential ideals of the full universal solution algebra
R. The crucial point of our construction is to prove that the maximal real
differential ideal of R, i.e. the maximal element in the set of all proper real

differential ideals of R, is prime. To this end we shall use a theorem of Ritt
(1.5.1).
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Proposition 4.4.1. Let K be a differential field of characteristic zero, R a
noetherian differential K-algebra finitely differentially generated. Let I be a
maximal real differential ideal of R. Then I is prime.

Proof. I is radical, because it is real (see lemma 2.1.1). Then, by theorem
1.5.1, I is an intersection of a finite number of prime differential ideals, i.e.

I=PnN...NP,. (4.7)

Moreover, we can assume that P, ¢ P; for all ¢ # j. Indeed, if some
P, C P; for i # j, we can omit P; and reduce the decomposition. Therefore
(4.7) is a primary decomposition of the ideal I with

rad(P) = P # rad(P}) = P, Vi#

Hence, by unicity in theorem 1.5.1, it is a reduced primary decomposition (see
[1], chapter 4). So the P/s are exactly the minimal prime ideals containing
I

Now, minimal prime ideals containing the real ideal I are as well real (see
lemma 2.1.1). But / is a maximal real differential ideal, so s = 1 and I = P.
Therefore I is prime.

O

Let us denote by E the set of all proper maximal real differential ideals of
R. By lemma above, elements of E are prime ideals. We divide R by an ideal
chosen from F and obtain a real integral domain. Then we pass to the field
of fractions, which is a real field. Our goal is to obtain a field extension not
adding constants. For this reason not all ideals from E may be appropriate
for our purposes.

Conjecture 4.4.1. In the set of all proper maximal differential ideals of the
real full universal solution algebra constructed above there always exists a real
ideal.

We will show that in the situation considered this conjecture holds true.
It gives us the possibility to choose from E such a maximal real differential
ideal J which is not contained in any maximal differential ideal. The idea
behind this is the following. If we divide R by J we obtain a real integral
domain R/J which does not contain any proper real differential ideal and
what is more it also does not contain any proper differential ideal.

We obtain the following results:
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Lemma 4.4.1. Let K be a real differential field with real closed field of
constants Ci. Let A be a finitely generated K -algebra without zero divisors
and let S = Fr(R). If c € Cg\ Ck, then c is transcendent over K.

For the proof see [36], lemma 3.1.

Lemma 4.4.2. Let K be a real differential field with real closed field of
constants C. Let A be a finitely generated K-algebra without zero divisors
and let a be an element of A. Then either a is algebraic over K or there is
a constant ¢ € C'i such that a — ¢ s not invertible in A.

For the proof see [36], lemma 3.4.

So if our conjecture holds true, then we obtain that L* := Fr(R/J)
is an extension of K which brings no new constants. Indeed, any element
a € Cp+ \ Ck is by lemma 4.4.1 transcendent over K. Hence by lemma 4.4.2
there exists a constant ¢ € Ck such that a — ¢ is not invertible in R/J.
Then the ideal [a — ¢] is a proper differential ideal in R/.J. And we have a
contradiction. So L* is a Picard-Vessiot extension, which is also a real field,
since J is real (see lemma 2.1.2).

We have already constructed a real field which is the Picard-Vessiot ex-
tension for equation (4.4) defined over K, i.e. L = K{vy,...,v) C M[[X]],
where 7, ...,7 is a fundamental set of solutions of this equation. We will
prove that the ideal J considered above can always be found.

We define an epimorphism of K-algebras
v KUy = L= K[
Y(Uij) = %(-j) ’

which is a differential morphism. We observe that (V) = det(’yi(j )) # 0, so
it is invertible in L. By the universal property of the ring of fractions we can
extend ¥ to a K-algebra homomorphism

QZ: K[UU]V — L
Y(U) =4

We define J := ker(¢)). Then we obtain an embedding
AN:R/J— L.
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L is a field, so R/J is an integral domain and J is prime. Hence there
exists a fraction field homomorphism X : L* = Fr(R/J) — L. Since L =
K{v,...,7), then \is a field isomorphism. By lemma 2.1.2, we obtain that
J is real, because L is real.

4.5 Comments on the Fundamental Theorem.

Picard-Vessiot theory for differential fields with no algebraically closed
field of constants was described by Marvin P. Epstein (see [10] and [11]). His
result states that there exists a fundamental system of solutions (y1,...,¥yxs)
for a homogeneous linear differential equation £(Y') = 0 of order n defined
over a differential field K with field of constants C'x (not necessarily alge-
braically closed), such that the field of constants of L := K{(y1,...,y,) is
a normal algebraic extension of C. He defines such an L to be a Picard-
Vessiot extension of K for the equation £(Y) = 0. He also proves a Galois
correspondence theorem for such generalized Picard-Vessiot extensions. If we
do not allow new constants, the normality of the Picard-Vessiot extension can
fail, as it can be easily seen by considering the algebraic case (see example 3
in the first section of this chapter). Hence obtaining Galois correspondence
in this context is not possible.
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